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ABSTRACT

This thesis discusses the acquisition of Global Navigation Satellite System (GNSS)
signals that are attenuated in propagation and proposes a receiver independent
method of characterizing the acquisition performance of the signals. It then applies the proposed method to several GNSS signals with different assumptions
about available acquisition assistance. Two receiver improvements are proposed,
one to increase success rate in parallel acquisition and another to enhance sensitivity in serial acquisition. In the remaining part of the thesis, two techniques
are presented for making satellite signals easier to acquire, one involving a novel
family of ranging sequences and another involving a special symbol sequence for
transmitting time information over a heavily attenuating propagation channel.
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1. INTRODUCTION

Personal navigation devices and location based services have gained considerable popularity among consumers during the past few years. This has led
to a situation where the production volumes of global navigation satellite system (GNSS) [71] receivers are dominated by portable battery-powered units
[19, 149]. In most cases, the GNSS receiver is combined with a mobile telephone and used to enable various local and networked applications, such as
route finding and emergency call positioning. There is, therefore, a great demand for GNSS receivers that fulfill the strict power conservation requirements
of battery-powered electronics and work in built environments where, unfortunately, satellite signal reception can be very unreliable. The receivers also have
to meet regulatory performance requirements due to their role in emergency call
positioning. The requirements are particularly concerned with signal acquisition,
because reliable and fast acquisition is vital in an emergency situation. Experience has shown that good acquisition performance is an essential quality factor
also in other location based services.
As an initial step of its operation, a GNSS receiver performs signal acquisition. Satellite signals are direct-sequence spread spectrum (DS-SS) signals with
a wide Doppler frequency range and their acquisition therefore involves a twodimensional search. The task is computationally intensive and creates a processing load that significantly exceeds the load from steady-state receiver operation,
which mainly involves tracking of signals with relatively slowly changing parameters. Acquisition algorithms are sensitive to signal quality and typically require
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a stronger signal than the algorithms used for the steady-state operation. For
this reason, acquisition constitutes a primary performance bottleneck in portable
consumer receivers that are frequently used in areas where signal propagation is
obstructed.
The past few years have seen a flurry of research activity related to GNSS system design as existing American and Russian systems are being modernized and
new satellite fleets are being planned by the European Union, India, China, and
Japan. One of the main goals of signal design has been to improve resistance
against interference from external sources and from other navigation satellites.
The latter type of interference is potentially going to be more troublesome due
to plans to share frequency bands between satellite fleets. Interference from
other satellites is particularly harmful during acquisition because it easily misleads the receiver to lock onto a false signal. To address the problem, designers
have adopted longer spreading sequences, but this approach is not without sideeffects since it makes the acquisition uncertainty region larger and thus harder
to search. Unfortunately, informed discussion about this serious side-effect has
been more or less missing, presumably for two reasons. Firstly, there has been
a lack of fresh ideas for sequence design and secondly, there has been a lack of
commonly accepted methodology for assessing the impact of sequence design
on acquisition performance.
The sequence design problem is challenging due to large Doppler shifts that require the sequences to have low cross-correlation both in time and frequency
domains. Unfortunately, no systematic approaches for combating frequency domain cross-correlation have been suggested by this time. Designers have therefore resorted to long sequences from families that are known to have good correlation properties in the absence of Doppler shift. The sequences have exhibited
acceptable correlation properties also when a Doppler shift is present, but this is
probably due to statistical reasons attributable to sequence length rather than due
to design.

3

A pervasive theme in recent signal design is the use of pilot signals to improve the
stability of time and position estimates. The pilot signals lack data modulation
and can therefore be tracked with narrowband phase or frequency locked loops,
which reduces noise in the estimates. The signals have long spreading codes and
they are therefore not particularly useful for acquisition, which is also generally
understood. However, the advent of assisted GNSS (A-GNSS) [95, 139, 147]
makes direct acquisition of pilot signals a realistic option. The stable time estimate obtained from an acquired pilot signal can then be utilized to retrieve frame
timing under conditions where noise prevents direct timing retrieval from the
data signal.
Integration of GNSS receivers with mobile telephones in the early 1990’s led to
the introduction of A-GNSS, a technique where the cellular network provides
satellite information that would be difficult or time-consuming for the GNSS receiver to obtain directly from the satellites. Currently, A-GNSS information is
standardized and widely available, even though its composition varies depending on the network. The main benefit of A-GNSS is that receivers can operate
well below nominal satellite signal levels. This is possible because the receivers
do not have to detect data bits and because the acquisition uncertainty range is
greatly reduced by the assistance information. While the benefit of having a separate access to ephemeris and clocks is trivially understood, the benefit of the
reduced uncertainty range is more difficult to quantify in terms of observable
performance improvement and has not been thoroughly analyzed in the literature.
It is often difficult to provide a receiver with an accurate time reference in an AGNSS system due to unknown delays in the assistance chain. A cellular network,
for example, may not be able to provide chip timing or even frame timing. Some
means of retrieving frame timing, or frame sequence identifiers, would be useful
in circumstances where satellite signals are too weak for the detection of data
bits but still sufficiently strong for the detection of sequence timing. The frame
sequence identifiers together with satellite orbit information obtained from the
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assistance network would then allow the receiver to solve navigation equations
and to start tracking satellites normally, relying on the assistance network only
for infrequent orbit information updates.
Power conservation has become one of the foremost design challenges for mobile devices as the number of features and subsystems continues to rise. To some
extent, reduction of semiconductor feature sizes has lowered the power consumption of digital logic and, to a lesser extent, that of radio frequency electronics. In
parallel with this development, GNSS receivers have been equipped with massively parallel acquisition accelerators, largely negating the savings. The situation cannot be expected to become any easier in future when multi-constellation
receivers are introduced and wider bandwidths, higher front-end linearity, and
more parallel processing are required. It is therefore of vital importance to have
efficient receiver algorithms available, especially during acquisition when the
digital and RF sections typically need to work at full power.
In early receivers, acquisition was performed by tracking correlators that operated in sequential search mode. This was time consuming and, when satellite
signals were weak, even prohibitively so. Towards the end of the 1990’s parallel correlator banks became available in consumer receivers and made their use
practical in built environments by dramatically accelerating the acquisition process. However, a correlator bank consumes a substantial amount of power and its
time of usage in a portable unit must therefore be minimized. The normal practice is to pre-empt its operation before the required level of certainty is reached
and to verify the preliminary acquisition result so obtained with a tracking correlator. The downside of this procedure is that a negative verification result leads
to a complete restart and a long delay.
In addition to verification of acquisition results, tracking correlators are also used
independently for acquisition when the initial uncertainty area is narrow, as is the
case in reacquisition and assisted acquisition. The reason for such usage could be
power conservation or unavailability of a parallel correlator bank. The tracking

1.1. Scope and Objective of Research
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correlators would then be used to perform a fixed order sequential search, typically starting from locations of high prior success probability. Several ad-hoc
ways of organizing the search have been proposed, but little is known about their
optimality.

1.1 Scope and Objective of Research
The scope of this thesis is the signal acquisition process of weak open access
GNSS signals in consumer receivers in the presence and in the absence of external assistance. Existing GPS and GLONASS signals, modernized GPS signals,
and Galileo signals are explicitly discussed. Receiver operation is discussed on
algorithmic level only; implementation details and imperfections are omitted. A
simple path loss model is assumed for signal propagation and effects of multipath
propagation are not discussed.
The objective of this thesis is to identify and analyze factors that impede weak
signal acquisition in GNSS systems and to make improvements that accelerate
the acquisition process and allow receivers to acquire signals that are attenuated by obstacles in natural and built environments. The analysis and the improvements pertain to receiver operation and to the ranging sequences and frame
structures of satellite broadcast signals.

1.2 Main Contributions
This research is concerned with weak signal acquisition in stand-alone and assisted GNSS receivers and it divides into three main parts: evaluation of satellite
signals for their acquisition properties, improvements to satellite signals and improvements to receiver operation. Its main contributions can be summed up as
follows:

6
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• Showing that acquisition sensitivity is related to the dimension of uncertainty region in a manner that is independent of receiver architecture. Deriving analytic expressions for this relationship and showing that the expressions have a simple asymptotic approximation that is consistent with
a known result from extreme value theory.
• Based on the expressions referred to above, proposing metrics and criteria for the evaluation and comparison of acquisition properties of existing
and planned GNSS signals. Providing evaluation results for GNSS signals
under different assistance assumptions.
• Proposing a design methodology for satellite ranging sequences to obtain
short sequences with good cross-correlation properties in channels with
high Doppler frequency shifts.
• Proposing a modification to GNSS frame structures to allow retrieval of
absolute frame timing from weak satellite signals.
• Proposing a modification to receiver operation to improve acquisition success rate in receivers that use parallel correlator banks and a separate verification stage.
• Proposing a novel sequential acquisition algorithm to improve acquisition
sensitivity and to expedite acquisition.

1.3 Author’s Contribution
The author has acted as the sole author of publications [P1], [P3], [P4], [P5],
[P6], and [P9], and as the first author of publication [P8].
The author has contributed to publication [P7] by providing derivations for the
satellite signal cross-correlation function and for the lower limit of cross-correlation

1.4. Thesis Outline

7

magnitude. In addition, he has shown that flatness of signal spectrum is a necessary and sufficient condition for reaching the limit.
The author’s contribution to publication [P8] has been to propose the idea of using a single high-order primitive generator polynomial for a full set of sequences
and to write the software for the numerical example.
The author’s contribution to publication [P2] has been to participate in the concept development.

1.4 Thesis Outline
To start with, navigation satellite systems and their operating principles are reviewed in chapter 2. Chapter 3 provides an overview of satellite signal acquisition techniques and presents the new sequential acquisition strategy and the
proposed receiver modification for improved success rate in parallel acquisition.
Some background of search theory is introduced as required in the discussion of
sequential acquisition. In chapter 4, an overview of present and planned satellite signals is first provided with emphasis on ranging sequences. The proposed
measure for signal acquisition performance, referred to here as the attenuation
margin, is then presented followed by an argumentation of its validity. In chapter 5, the new family of ranging sequences is introduced and an algorithm for
practical construction of signal sets presented. Chapter 6 starts with an overview
of time transfer and receiver synchronization techniques in satellite positioning
and then proceeds to introduce the new time transfer mechanism. Chapter 7
concludes the thesis.
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1. Introduction

2. SATELLITE POSITIONING

The term Global Navigation Satellite System (GNSS) [71, 160] refers to a totality of satellites and their supporting ground infrastructures that collectively, with
or without mutual coordination, provide a radio positioning service with global
coverage. The only fully operational member of the GNSS is the United States
Navstar global positioning system (GPS) that currently has 30 operational satellites. Other global members are the Russian GLONASS that is being replenished
to full operational capability and the European Galileo that is in its early deployment phase. Additionally, there is a plan to extend the coverage area of Chinese
regional BeiDou / Compass navigation test system to global as shown in Table 1.
The Indian regional satellite system (IRNSS), the Japanese Quasi-Zenith satellite
system (QZSS), and the so called satellite-based augmentation systems (SBAS)
have regional coverage.

2.1 Operating Principles
The GNSS uses radio signal propagation delays to determine receiver position.
Its operating principle is to transmit accurately timed signals from the satellites,
to measure the arrival times of the signals at a receiver, to inform the receiver
about the trajectories of the satellites in a navigation message modulated on the
signals, and to solve a set of geometric equations for the coordinates of the receiver. As a fourth unknown, system time is resolved. To measure the arrival
times, the receiver observes the phase and/or frequency of the RF carrier and the
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timing of a modulating sequence. The modulating sequence, referred to as the
ranging sequence, renders the transmitted signal into a carrier-synchronous DSSS signal. The sequence also serves the purpose of multiplexing several satellite
signals onto a single frequency band. GLONASS is an exception in that it applies
frequency division multiplexing for signal isolation and uses a ranging sequence
only for timing. Present GNSS ranging sequences are based on algebraic or
computer generated binary pseudorandom codes consisting of 511 (GLONASS)
to 36,828,000 (GPS L1C) chips.
The GNSS offers a multitude of services with different performance characteristics and usage restrictions. Each service is provided either using a single type
of signal or using multiple types of signals in a redundant manner. In the latter
case, the redundant signals are transmitted in different frequency bands. Some
of the bands are dedicated to one GNSS member system while others are shared
between several member systems. A single member system may transmit multiple signals on a single frequency band, relying on code division multiplexing
for separation. Ideally, each satellite would be transmitting the complete set
of signals provided by its member system, but this is not necessarily the case
with new signals that are incompatible with existing satellites. The present and
planned globally available GNSS signals and their frequency bands are listed in
Table 2 [64,72,74]. The signals are classified as open if they are freely accessible
or as restricted if their access is limited to a closed user group.
Fig. 1 shows schematically how a GNSS signal is generated in a satellite. The
signal consists of a data component and an optional pilot component. The data
component carries a so called navigation message, a serialized collection of parameters with information about satellite trajectories, satellite availability, satellite clock errors, and signal propagation in the atmosphere. The navigation message undergoes an optional error correction coding, after which its symbols are
BPSK modulated onto a binary ranging sequence. The resulting spread-spectrum
signal is optionally further modulated onto one or two binary or quaternary signals, referred to as subcarriers. The pilot component consists of a different rang-
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Table 1. Current and future GNSS satellite systems [45]

Operational satellites
(as of June 2010)
Nominal constellation

GPS

GLONASS

Galileo

Compass

USA

Russia

EU

China

29 MEO

23 MEO

1 MEO

1 MEO, 4 GEO

24 MEO

24 MEO

30 MEO

1995-

2011

2016-2018

27 MEO, 5 GEO,
3 IGSO
2010-2015

Full operation
capability

Table 2. Current and future GNSS signals
Band

Frequency
MHz

E1
G1
L1
G2
L2
E5A
E5B
L5
E6

1559-1591
1593-1610
1563-1587
1240-1256
1216-1240
1164-1188
1188-1215
1164-1188
1260-1300

GPS
Open

GLONASS

Restricted

C/A, L1C

P/Y, M

L2C

P/Y, M

Open

Restricted

SP

HP

SP

HP

Galileo
Open

Restricted

L1F

L1P

E5a
E5b
L5
E6C, E6P
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ing sequence that is optionally modulated onto one or two subcarriers. After the
modulations, the data and pilot components are combined into a real or complex
baseband signal that is finally modulated onto a radio frequency carrier and transmitted. In some cases, the combining simply means interpreting the components
as the real and imaginary parts of the complex baseband signal, while in other
cases it means multiplication with a time-invariant or time-variant weighing matrix, or even a combination of linear and non-linear operations [55]. The subcarrier modulation, referred to as binary offset carrier (BOC) modulation [23],
is used as a form of pulse shaping to improve receiver tracking accuracy or as a
form of spectral shaping to reduce crosstalk with signals of other GNSS member
systems.
Fig. 2 shows the block diagram of a generic GNSS receiver. The incoming antenna signal is amplified and band-pass filtered in an RF front-end and demodulated in a mixer into a complex baseband signal. The baseband signal, dominated
by thermal noise at this stage, is sampled at a rate a few times higher than the
chip rate of the signal and converted to digital form in an analog-to-digital converter. The digitized samples are passed to a parallel acquisition unit and to
tracking correlators. The sample stream going into the acquisition unit is usually decimated to keep the complexity of the often massively parallel unit at a
reasonable level. The acquisition unit detects a satellite signal and provides a
coarse estimate of its carrier frequency and timing to the tracking correlators. A
set of correlators is then connected to form a feedback loop that starts tracking
the signal, yielding refined estimates of sequence timing, carrier frequency and
carrier phase. The navigation message is also decoded by the feedback loop and
provided along with the estimates to the navigation processor. The acquisition
unit continues its operation until a sufficient number of satellite signals is detected to make a set of navigation equations determined, thereby allowing the
navigation processor to estimate the position, time and velocity of the receiver.
If required, additional satellite signals can be searched by using the acquisition
unit or by substituting the previously obtained time and position estimates into
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2.2 The GNSS Propagation Channel
A GNSS signal propagating from a satellite to a ground-based receiver experiences a Doppler frequency shift, a geometric path loss, an ionospheric dispersion,
and a tropospheric refraction. The Doppler shift varies with satellite elevation
and has a typical range of ±6 kHz. The ionospheric and tropospheric effects
cause variable group and phase delays equivalent to a path length deviation of
up to a few tens of meters. The Doppler shift due to satellite movement and the
atmospheric effects are well understood and accounted for in GNSS navigation
messages and standard receiver algorithms [100].
Besides the line-of-sight (LOS) component, the receiver input signal may contain later arriving multipath components [69, 134]. Such reflected components
are in principle useless for the basic GNSS operation because their propagation
delays are unpredictable. A multipath component with an excess delay shorter
than chip length distorts the correlation properties of the LOS component, potentially leading to an error in the position estimate. A multipath component with
an excess delay longer than the chip length is uncorrelated with the LOS component but may be erroneously interpreted as such, leading to a crude error in
the position estimate. Recently, a class of serial search acquisition strategies has
been proposed that attempt to turn multipath propagation into benefit by making
use of its statistical characteristics [136].
In indoor areas, satellite signals are obstructed by building materials that cause
attenuation, diffraction, and reflections. In various measurements campaigns
[61, 103, 145], signal attenuations ranging from 15 dB to 50 dB have been observed. Due to structural inhomogeneity, the attenuation of a building wall depends heavily on the direction of signal arrival, leading to a disparity in signal
strength between satellites. There is some evidence that reflections from wall
surfaces create standing wave patterns that change due to satellite movement,
giving rise to fading phenomena similar to those known from mobile radio communications [127]. It would seem, however, that the LOS component mostly
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dominates the multipath components that are more heavily attenuated [53, 154].
The delay spread of the indoor signal has been found to be small, in the order
of 30 ns [80], which further supports the notion that the reflected components
are heavily attenuated. Unfortunately, presently available characterizations of
the satellite-to-indoor propagation channel are inconclusive due to difficulties in
measuring the heavily attenuated signals. To circumvent the difficulties, sounder
measurements have recently been used to characterize the channel [79, 99] and
to confirm the applicability of a previously known channel model [125].

2.3 Assisted GNSS
Assisted GNSS [63, 95, 137, 138, 146, 147], originally proposed in [140], refers
to a technique where explicit or implicit information about the timing, Doppler
shifts, and navigation messages of satellite signals is provided from a terrestrial
source to a GNSS receiver to expedite acquisition and to parametrize navigation equations. It has recently been proposed that also carrier phase information
should be included in the assistance information [158] to enable real time kinematic positioning in the same sense as specified in the RTCM standard [118].
Should explicit and accurate information about the locally valid timing and Doppler
shift of a satellite signal be available, a receiver could omit the acquisition step
and start tracking the signal immediately. Such ideal assistance is difficult to
provide, however, since assistance is location and time specific, and the receiver
location and clock offset are usually unknown. Another option is to provide
implicit assistance that allows the receiver to derive the satellite signal timing
and Doppler shift internally. Implicit assistance typically consists of satellite trajectory information, a coarse location estimate, a more or less accurate reference
time, and a reference frequency for oscillator calibration. Due to the uncertainties
in receiver location and due to inaccuracies in implementation, neither type of
assistance normally reduces the timing and frequency uncertainties sufficiently
to allow a receiver to start tracking signals directly without an initial acquisition
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step. In any case, however, at least the frequency uncertainty is significantly
reduced.
Assistance for GPS L1 C/A receivers is included in standards that govern mobile telephony [1, 2] and location based mobile services [98]. The standard [98],
which specifies the so-called secure user-plane location (SUPL) architecture, has
provisions for Galileo, QZSS, GLONASS, and future GPS signals, and similar
provisions may later be included also in the actual telephony standards [159].
Minimum performance requirements and test specifications for receivers are also
standardized [111]. The standards recognize quality differences between networks, in particular regarding the accuracy of reference time.
Fig. 3 shows the assistance information flow in a cellular network using the
SUPL architecture. A world wide reference network (WWRN) tracks the GPS
satellite constellation and stores raw satellite data. The data is passed in periodical updates to an A-GPS server residing in a cellular network element, referred to
as the mobile location center (MLC), where the data is formatted (steps 1 and 2).
The formatted data is then provided to SUPL enabled mobile terminals (SETs)
on a transaction basis (steps 3 through 9).
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Fig. 3. Assistance information flow in the SUPL architecture according to [63].
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3. SIGNAL ACQUISITION TECHNIQUES

This chapter discusses acquisition techniques and their performance metrics, reviews related work, and presents two original contributions. The acquisition
problem is stated in section 3.1 and receiver performance metrics discussed in
section 3.2. Related work is reviewed in two parts: section 3.3 deals with signal processing and section 3.4 with search and decision strategies. In section
3.5, a decision theoretic interpretation of serial search and sequential verification is presented. The interpretation has recently attained attention in the GNSS
community and is also the basis of a novel sequential acquisition strategy that
is introduced in section 3.6. In section 3.7, a new two-stage parallel acquisition
strategy is presented. Section 3.8 concludes the discussion.

3.1 System Model and Problem Statement
Assuming that the propagation channel is free of multipath and fading disturbances and assuming that man-made interference can be ignored, a satellite signal at receiver input can be expressed as [100]

r (t) =

√
2U C (t − ∆t) D (t − ∆t) cos ((ω0 + ∆ω) t + φ0 ) + n (t) ,

(1)

where U is the signal power, C (·) is the ranging sequence modulation, D (·) is
the data modulation, ∆t is a time delay including propagation delay, ω0 is the
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carrier radian frequency, ∆ω is the radian frequency offset including Doppler frequency and oscillator bias, φ0 is the carrier phase, and n (t) is stationary AWGN
with two-sided power spectral density N0 /2. A more accurate model would additionally include the effect of the relative radial movement between the satellite
and the receiver on the perceived modulation rate of the signal, referred to as
code Doppler or code-chip slipping [36].
The RF and base-band sections of a GNSS receiver are responsible for the synchronization of the receiver to the satellite signal and for the decoding of the
navigation message. The synchronization consists of the estimation [85] of ∆t,
∆ω, and eventually φ0 and is further divided into acquisition and tracking. Acquisition discretizes the region of uncertainty in time and frequency into a finite
number of cells, thus transforming the estimation problem into a detection problem [35, 84, 89]. Based on the coarse initial values of ∆t and ∆ω obtained from
acquisition, the receiver refines and maintains their estimates by signal tracking.

3.2 Performance Metrics
A traditional measure for acquisition performance is the mean acquisition time.
Unfortunately, it is not compatible with performance requirements that are given
in terms of hard time limits, which is the case in mobile telephony [2], where
such practice has been in force since the early 1990’s, when it became mandatory to integrate GPS receivers into mobile phones for emergency call purposes.
In the context of hard time limits, receiver performance specifications are stated
in terms of probabilities of success and failure. The classical probabilities of detection and false alarm pertain to a dual hypothesis problem and need to be suitably generalized to make them applicable to signal acquisition that constitutes a
multihypothesis problem. Of the possible generalizations [28, 105], referred to
as system probabilities or global probabilities, the ’System false alarm probability in the absence of signal’, PFa A , and ’System detection probability’, PD , as
defined in [28] and discussed in more detail in section 4.1, would seem to be the
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Fig. 4. Model of cell processing.

most widely used.
Two common diagramming conventions are to plot the detection probability
against signal-to-noise ratio (SNR) at a fixed false alarm rate, obtaining what
is called the power function curve [148], and to plot the detection probability
against false alarm probability at a fixed SNR, obtaining what is referred to as
the receiver operating characteristic (ROC) curve [128]. The utility of the ROC
curve as a convenient instrument for receiver performance comparisons is argued
in [40].

3.3 Related Work on Signal Processing
In a typical GNSS receiver, the antenna signal is down-converted to baseband,
frequency shifted to eliminate a hypothesized frequency offset, and correlated
with a replica signal suitably timed to account for a hypothesized time delay.
Circuitry for eliminating data modulation may also be present if prior information about the data is available. The processing of one delay-frequency cell is
shown conceptually in Fig. 4. In the figure, T denotes the total observation time,
ω̂ denotes the radian frequency hypothesis and t̂ denotes the delay hypothesis.
A stream of complex-valued base-band samples from the receiver RF section is
multiplied with a complex sinusoid and with a delayed replica sequence to eliminate Doppler frequency and ranging sequence modulation, leaving a complex-
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valued DC signal. The signal is integrated to yield a complex variate, the modulus of which is stored as a test statistic, often in squared form, as shown in the
figure. The test statistic is free of the variable φ0 . If the SNR of the integration
result is insufficient, it may be improved by making the integration time longer
or by combining several squared test statistics additively to generate an alternative test statistic [96]. The former approach is more efficient but not always
applicable since the integration time cannot be usefully extended beyond a limit
determined by data modulation, oscillator instability, or receiver movement. If
squaring is used and the number of integrations is denoted by m, as indicated in
the figure, the test statistics have a chi-squared distribution with 2m degrees of
freedom, characterized by the pdf [P3] [110]
¡

fx (x) =

¡ mx ¢
¢
m m xm−1
Γ(m) exp − 2σ 2
2σ 2
´
³√
¡ ¢ m−1
¡
¢
mxE
 m2 mx 2 exp − E+mx
I
m−1
2
2
E
2σ
2σ
σ

if E = 0
if E > 0,

(2)

where σ 2 denotes the noise variance at both real and complex integrator outputs
in absence of signal and E denotes the squared modulus of the integrator output
in absence of noise. These definitions assume that m = 1. Ik (·) denotes the
modified Bessel function of the first kind of order k [3]. The manner of calculating the statistics entitles the receiver to be called a quadratic receiver. It is
well known that for small values of SNR the quadratic receiver approximates the
more ideal likelihood ratio receiver [93].
So-called differential correlation techniques [161] have recently attained attention in the GNSS community [129]. They aim to reduce noise by multiplying
successive coherent integration results with each other, but have the shortcoming
of being more sensitive to residual frequency offset than the squaring technique
discussed above.
To acquire a satellite signal, a GNSS receiver conducts a search over an uncertainty region in time-frequency domain to detect the cell that corresponds to the
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frequency offset and sequence timing of the satellite signal. Before testing a cell,
the receiver evaluates its statistic as explained above. Since the operations up to
and including the integration are linear, their order of execution is immaterial for
the result. The execution order may, however, have an impact on word lengths,
dynamic ranges of variables, storage of intermediate results, and parallelization
of operations, thus potentially influencing the economy of receiver design.
Joint evaluation of cell statistics has gained popularity due to the advent of hardware accelerators with parallel correlator banks or matched filters [6, 7, 51, 52,
145]. Typically, all cells with the same frequency hypothesis are processed
in a single run that covers all timing hypotheses. It is not uncommon that
the accelerator is also capable of handling several frequency offsets simultaneously [117]. Another common parallel technique is correlation processing with
the fast Fourier transform (FFT) [5, 10, 88, 122–124, 143]. It is also possible to
do the correlation processing in time domain and to compensate the frequency
offset with FFT processing [31]. An example of a technique where both the correlation processing and the frequency offset compensation are implemented with
FFT is presented in [8] and schematically depicted in Fig. 5. The technique uses
two matrices of intermediate results, one for storing coherent integration results
and another for accumulating their squared moduli. In the latter matrix, the row
index corresponds to the time delay and the column index to the frequency offset.
For several reasons, the size of the uncertainty region varies within wide limits, as is discussed in more detail in section 4.2. While acquisition under full
uncertainty typically requires a joint evaluation facility to proceed at an acceptable speed, acquisition under limited uncertainty may be better performed with
stand-alone correlators due to their lower processing overhead and power consumption. Stand-alone correlators have the additional advantage that they can
be used for signal tracking after the acquisition. Battery powered portable receivers in particular can benefit by judicious use of both stand-alone correlators
and parallel processing accelerators since the receivers need to conserve power
and since they often experience short signal outages that do not cause them to
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Fig. 5. FFT based evaluation of cell statistics [8].
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entirely lose track of satellite signals.

3.4 Related Work on Search and Decision Strategies
To find a signal in the uncertainty region, a receiver has to visit the time-frequency
cells in a serial, parallel, or block-parallel order, as defined by a search strategy [82], and to apply threshold detection [78], maximum search, or some other
suitable decision strategy to conclude if and where in the uncertainty region a signal is present. The search and decision strategies are chosen so as to optimize a
performance measure, such as mean acquisition time, probability of false acquisition, probability of detection, energy consumption, or a combination thereof.
The preferred strategy also depends on the available memory, available processing resources, and on the size of the uncertainty region. Search and decision
strategies are further classified according to time horizon that can be infinite,
allowing the processing to proceed for an unlimited time, or finite, forcing a
decision after a fixed delay.
Early work [47, 107, 108, 114] on the acquisition of DS-SS signals centered
around serial search strategies. In a basic serial acquisition scheme, test statistics
are examined cyclically one cell at a time until a decision criterium is met [100].
A serial search strategy can be implemented without a large memory, because
a cell can be visited as soon as its statistics are available, and the statistics discarded immediately afterwards. Some serial search strategies, such as the expanding window search [32, 106], which is depicted in Fig. 6, can make limited
use of prior information about success probabilities by visiting cells in the order
of descending prior probability.
Serial search is often followed by verification to avoid costly false alarms. The
arrangement is referred to as multiple dwell detection [37, 48]. The Tong detection algorithm [153] compares a decision variable with a threshold and advances
a counter downwards or upwards depending on the result. The process is re-

3. Signal Acquisition Techniques

26
  


 
 

  


 

 



 


 

Fig. 6. Three serial-search strategies.

peated until a set lower or upper limit is reached. The M of N algorithm [87]
makes N test trials and compares the N decision variables so obtained against
a pre-defined threshold. If M or more variables exceed the threshold, a signal
is declared present. In the dual dwell approach, a potentially successful serial
search is followed by a verification step where a second sample with a longer
integration time is taken and compared with a threshold. The value of the separate verification step has recently been questioned by pointing out that it does
not necessarily shorten the mean acquisition time of the serial search [90]. In any
case, it may be noted that verification can only reduce false alarm probability but
not improve detection probability.
Parallel or hybrid search strategies can be applied if the statistics of all or a group
of cells are simultaneously available in memory. Hybrid strategies [16] typically
apply a parallel decision criterium on a group of cells at a time, sieving out a
set of cells that are then subjected to serial search. A parallel strategy based on
maximum search outperforms hybrid strategies which, again, outperform serial
strategies in terms of PD when PFa A is given [28] [27]. In fact, the fully parallel
maximum search fulfils the maximum likelihood criterium for frequency nonselective fading channels [105] [116].
In likeness to serial search, parallel search can also be followed by verification.
In [43], a maximum search followed by verification with a Tong detector is studied. In [82], a thresholding step followed by maximum search and a verification
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by majority decision is investigated. In [117], a strategy is proposed where six
cells, instead of one, are passed over to verification by thresholding and majority
decision making. In [102], a strategy is discussed where a predefined number of
cells is passed over to verification by thresholding and ambiguity resolution by
mutual comparison of decision variables.

3.5 Serial Search and Sequential Verification as Decision Problems
In search and decision theories [21, 25], a detector that decides when to stop
sampling based on what has been sampled is referred to as a sequential detector.
In contrast, if the number of samples is predefined, the detector is referred to as
a finite sample size (FSS) detector. The sample size of a sequential detector is
determined by a stopping rule that should be chosen appropriately to guarantee
desired performance.
A basic sequential detector uses the sequential probability ratio test (SPRT)
[33, 150] to test a simple null hypothesis H0 against a simple alternative hypothesis H1 . In its Bayesian form [109], SPRT uses as test variable the posterior
probability
π1 (y1 , . . . , yn ) =

π1 λn (y1 , . . . , yn )
π0 + π1 λn (y1 , . . . , yn )

(3)

of H1 given the samples y1 , . . . , yn that are assumed to be independent.
In (3), λn is the likelihood ratio based on n samples given by

λn (y1 , . . . , yn ) =

n
Y

[p1 (yk ) /p0 (yk )] ,

(4)

k=1

π0 and π1 are the prior probabilities of H0 and H1 , respectively, and p0 (·) and
p1 (·) are the probability densities of the observations under H0 and H1 , respectively. For consistency, it is defined that λ0 = 1. The test is continued until the

28

3. Signal Acquisition Techniques

posterior probability (3) reaches a pre-defined lower or upper limit, confirming
either H0 or H1 . SPRT is optimal in the sense that it has the shortest expected
stopping time for specified levels of false alarm and detection probabilities [17].
This makes it an interesting candidate for a verification algorithm in GNSS acquisition, but it has only recently attained attention for this purpose [97].

Baum and Veeravalli provide a generalization of SPRT to multihypothesis testing, termed MSPRT [17]. In likeness to SPRT, the problem setting of MSPRT is
that of deciding when a scalar measurement has been repeated enough times that
additional measurements are not needed. Kadane [81] investigates the whereabouts search problem, a multihypothesis testing problem where measuring a
specific location gives a binary result indicating if an object is present in that
location. He assumes that no false alarms occur, which leads to a considerable
simplification of the problem and allows him to show that only open-loop strategies have to be considered as candidates for an optimal search strategy. Unfortunately, this simplification is not available in the GNSS signal acquisition problem
where false alarms do occur.

Castañon [34] discusses a more general whereabouts search problem where the
measurements are continuous-valued and false alarms are possible. The problem
can be viewed as a generalization of MSPRT where the measurement space is
multidimensional. He shows that an optimal search strategy has a closed-loop
structure where the search order is determined by previous measurements. He
further shows that in the case of symmetrical (e.g. normal) measurement distributions an optimal rule for choosing a measurement has the Markov property so
that only a state vector, rather than the complete measurement history, needs to
be preserved in the receiver. The state vector consists of the success probabilities
of the search locations, referred to as πj (k), that are maintained up-to-date using
the equations [34] (for a derivation, see [P1], appendix)
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 πj (k)f (y(k))
πj (k + 1) =

p(y(k)|i(k))
 πj (k)g(y(k))
p(y(k)|i(k))

j 6= i (k)
j = i (k)
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(5)

and
¡
¢
p (y (k) | i (k)) = 1 − πi(k) (k) f (y (k)) + πi(k) (k) g (y (k)) ,

(6)

where j, j = 1, . . . , n, denotes the index of a search location, i (k) denotes the
search location that is measured at step k, f (·) is the pdf of the measurement
distribution when the search object is not present in the search location, and g (·)
is the pdf of the measurement distribution when the search object is present in
the search location. It may be noted that (5) is equivalent to (3) in the special
case where n = 1. The optimal strategy in the case of symmetrical f (·) and
g (·) is to measure at step k the location j that has the highest or, alternatively,
the second highest posterior probability πj (k + 1).

3.6 New Sequential Acquisition Algorithm
In [P1], we present an FSS serial search acquisition algorithm that relies on
the decision theoretic framework presented in section 3.5 and has the following
novel features. The algorithm performs sequential verification as an integral part
of its operation and therefore does not need a separate verification stage. This
integration of operational stages is achieved by abandoning fixed order search
in favor of a dynamical search where correlator resources are re-allocated at the
end of each correlation interval on the basis of freshly updated probabilities of
acquisition hypotheses. Additive combining of correlation results as a means of
improving SNR is abandoned in favor of statistically more universal Bayesian
probability updates. The algorithm also accepts an arbitrary prior distribution
for the probabilities, which follows naturally from their use as state variables.
Using probabilities as state variables has the additional benefit of separating the
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operational logic of the algorithm from noise and signal models, making the latter changeable, even during operation. This makes it possible, for example, to
adjust coherent integration times dynamically. Since the state variables can be
understood outside the receiver context, they can also be conveniently used to
monitor the quality of the acquisition process. Finally, the state update equations
are independent of the chosen stopping time which can therefore be altered at a
late stage.
The algorithm is based on the observation that sequential acquisition can be
viewed as a partially ordered Markov decision problem (POMDP) [115], where
the state vector consists of the conditional success probabilities of acquisition
hypotheses given past measurements [22]. The receiver has a single correlator
that is set to execute a total of K coherent integrations. Based on the modulus
of each integration result, the probability vector is updated, and a next cell to
be visited chosen by applying a search policy on the updated probability vector. Finally, a decision is made in favor of the hypothesis that has the highest
posterior probability. Finding an optimal search policy is a special case of the
general test sequencing problem that is known to be NP-hard [119] and, in our
case, computationally very expensive to solve due to the continuous-valued state
vector [115]. We have studied and evaluated by Monte Carlo simulations two
sub-optimal search policies, one based on maximizing one-step posterior probability and another based on maximizing information [130] gain. The policies
have representations as index rules and they are therefore computationally inexpensive. In choosing the policies we have followed a recommendation in [34] for
the probability maximizing policy and recommendations in [20, 41, 44, 101, 119]
for the information gain maximizing policy.

3.6.1 Simple Example
In this section, the algorithm of [P1] is discussed in the light of a simple example. The example considers elementary sample distributions and a small search
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Fig. 7. Measurement distributions.

space with just three cells. Of the two alternative search policies, the probability
maximizing search policy is applied.
Assume that the measurements are evenly distributed over the interval (0.5, 1.5)
when the signal is absent and over the interval (2.5, 3.5) when the signal is
present. The corresponding probability distribution functions f (y) and g (y)
are shown in Fig. 7. The functions have disjoint supports, which is a crude simplification but serves the example. Let the cells be numbered 1, 2, and 3 and let
there be a signal in cell number 3.
Four hypotheses are examined. Hypothesis H0 corresponds to the case where no
signal at all is present and each hypothesis Hi , i ∈ {1, 2, 3}, to the case where
a signal is present in cell i. Prior probabilities are assigned to the hypotheses as
shown in Table 3.
The search policy tells the receiver to visit the cell with the second highest probability. Consequently, cell number 2 is measured in the first round. Since there
is no signal in that cell, the measurement result belongs to the support of f (y),
which yields f (y) = 1 and g (y) = 0 for the choice of f (y) and g (y) used here.
These values are substituted to (5) and (6) to obtain the posterior probabilities
shown in the table. Applying the search policy to the posterior probabilities now
directs the receiver to measure cell number 1 and, after yet another probability
update, cell number 3. Since there is a signal present in cell number 3, the result
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Table 3. Simple example
Hypothesis

H0

Cell
Signal
Prior probability
Measurement 1
Posterior probability
Measurement 2
Posterior probability
Measurement 3
Posterior probability

0.5
0.71
0.91
0

H1

H2

H3

1

2

3

absent

absent

present

0.15
0.21
y = 0.85
0
0

0.3
y = 1.12
0
0
0

0.05
0.07
0.09
y = 2.9
1

f (y)

g (y)

1

0

1

0

0

1
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of the latter measurement belongs to the support of g (y), which yields f (y) = 0
and g (y) = 1. After one further probability update, the algorithm converges to a
state where the posterior probability of H3 is unity. If the decision rule of [P1] is
applied at this stage by choosing the hypothesis with the highest posterior probability, the correct decision is taken. The decision is also known to the receiver to
be correct with probability one. Alternatively, one or more additional measurements could be performed, but these would no longer change the probabilities,
as can easily be seen.

3.6.2 Performance
In [P1], ROC and power function curves from Monte Carlo simulations have
been presented for the proposed algorithm. Parallel search with additive noncoherent combining has been used as a reference strategy due to the fact that it
represents an upper performance limit for serial search strategies, as was noted
in section 3.4. The reference strategy and the new strategy with both alternative
search policies have been evaluated with an equal number of coherent integration
results of equal post-integration SNR. The ROC and power function curves for
the reference strategy have been evaluated numerically. All results are reported
in terms of PFa A and PD . The simulation range for the number of cells is from
5 to 60 and for the number of coherent integrations from 20 to 70. To verify
the robustness of the algorithm, an SNR estimation error ranging from −6 dB to
6 dB has been introduced.
The simulations demonstrate the superiority of the proposed algorithm over the
reference strategy for the whole range of PFa A values from 0 to 1. The SNR advantage of the new algorithm is greater than 1.5 dB and exceeds 3 dB for the important range 0% ≤ PFa A ≤ 5%. Expressed in different terms, the performance
of the new algorithm is approximately equal to that of the reference strategy if
the new algorithm is put at a disadvantage by doubling or tripling the size of its
uncertainty range or, alternatively, by doubling or tripling the number of coher-
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ent integration results available for the reference strategy. As a further finding,
no significant performance difference between the two search policies has been
observed.

3.6.3 Receiver Implementation
In [P1], the computational load of the proposed algorithm is assessed and compared to that of the reference strategy. A numerical example in [P1] shows that
the excess load of the new algorithm in comparison with the reference strategy
is marginal.
Two approaches are identified in [P1] for extending the new acquisition strategy
to the case where multiple correlators are available. One approach is to partition
the uncertainty region into as many sections as there are correlators and to apply
the single correlator strategy to each section separately. The probability vectors
so obtained are then concatenated for decision making. Another approach is to
have several correlators operate in parallel in the full uncertainty region and to
use one of the proposed policies to allocate new cells to the correlators as they
become vacant. In this variant the probability updates and the decision making
are no different from the basic strategy, because the probability update equations
(5) and (6) are idempotent.

3.7 Improved Two-Stage Parallel Acquisition Strategy
In [9], we claim a generalized parallel acquisition unit where a massive correlator bank (MCB) passes information about multiple time-frequency cells to a
supplementary correlator bank (SCB) for verification. Such a two-stage unit has
two potential benefits in comparison with one that only passes information about
a single cell to verification. Firstly, the risk of omitting the signal can obviously
be reduced if more cells are verified. Secondly, in a case where implementation
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difficulties limit the flexibility of the MCB, the smaller SCB may more easily
be equipped with capabilities that allow high quality verification processing. In
general, structural separation of the two units allows them to be better optimized
for their respective tasks.
In [P2], we study the performance improvements available from combining an
MCB with an SCB. We first identify alternative operating modes. For example,
the SCB can either be allowed to run to completion or be pre-empted when new
candidate cells are found by the MCB. We further identify different structural
embodiments for the SCB depending on what type of statistics, coherent or noncoherent, are passed between the two units.
In the numerical part of [P2], we evaluate cases where different numbers of candidate cells are passed from an MCB to an SCB for verification. A power function plot (Fig. 4 in [P2]) of a Monte Carlo simulation shows that increasing the
number from one to twelve provides a sensitivity improvement in the order of
3 dB. Another power function plot (Fig. 5 in [P2]) shows that the advantage is
preserved across different combinations of coherent integration and noncoherent
combining.

3.8 Discussion
In this chapter, an overview of algorithms used in GNSS signal acquisition has
been presented and two new acquisition strategies proposed, one to improve detection rate in two-stage parallel acquisition and another to improve ROC performance in serial search acquisition. We have also reviewed the results of decision
theory that were the starting point for the latter strategy.
In [P1], a completely new fixed sample-size sequential acquisition strategy for
GNSS signals has been presented where the order of visiting cells is steered
dynamically during the acquisition process. Two policies for choosing the visiting order have been derived from statistical considerations and they have been
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shown to have implementations as simple index rules. Unlike previous methods, the state of the acquisition process is maintained as a vector of probabilities.
This novel approach has been shown to have several operational advantages, and
Monte Carlo simulations indicate a significant performance advantage over a
reference strategy for a wide range of parameters.
In [P2], an improved two-stage parallel acquisition strategy has been presented
that is based on a massive correlator bank cascaded with a supplementary correlator bank. Monte Carlo simulations show that using the supplementary correlator bank for verification instead of a single correlator significantly improves
system detection rate. Before our original filing [9], the idea of passing several
cells from a parallel acquisition accelerator to subsequent verification by tracking
correlators had been discussed without evaluation in [117]. We have expanded
the idea by discussing alternative structures and operational modes and provided
verification by Monte Carlo simulation. After our paper, a similar idea has been
discussed in [102] for use in terrestrial TDM/TDMA communication systems.
Our system model makes the simplifying assumptions that the search cells are
uncorrelated and that the satellite signal is not present in multiple cells. In practice, the satellite signal can leak into adjacent cells due to a short sampling interval, due to off-peak sampling, or due to multipath propagation. The error from
omitting the leakage is discussed in [29] and found to be small. Multipath signal
components have been measured in areas of heavy GNSS signal attenuation and
they have been found to be largely dominated by the LOS component [53, 154].
We have not discussed the acquisition of BOC modulated signals separately.
The autocorrelation main lobes of BOC modulated signals have multiple peaks,
which makes their acquisition difficult and a subject of continual research. One
of the proposed approaches [91] is to use single sideband processing to obtain
a signal that has a BPSK-like autocorrelation function and can be acquired with
standard techniques.

4. ACQUISITION PERFORMANCE OF GNSS SIGNALS

During the past few years, several families of satellite signals with long ranging sequences have been proposed. One purpose of using long sequences is
to mitigate interference by reducing autocorrelation function minor peaks and
cross-correlation [24, 49]. Several authors have expressed their concern that the
long sequences are difficult to acquire [56, 70, 112], but it is not clear to what
extent the difficulty is due to limitations of current receiver technology and to
what extent it is inherent to the signals. Answering this question and providing a
method for comparing satellite signals for their ease of acquisition are the main
topics of this chapter. Our approach is to assume an idealized receiver that is
free of technology limitations, which allows us to confine ourselves to the study
of fully parallel search. We show that there is a functional dependency between
acquisition sensitivity and the size of the uncertainty range which, again, is dependent on the availability of acquisition assistance and on signal parameters,
in particular on sequence length. To complement the theoretical discussion, we
provide numerical results for several GNSS signals.

The chapter begins with a review of related work in section 4.1. In section 4.2,
the acquisition uncertainty range and its dependence on available acquisition assistance are discussed. A new performance measure, attenuation margin, is then
introduced in section 4.3. Section 4.4 summarizes the discussion.
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4.1 Related Work
Acquisition strategies for modern and modernized GNSS signals are still under
intensive research and few comparative studies have been published about the
signals, their acquisition, and the effect of assistance on their acquisition. Studies
on individual signals are available, however, and the old GPS L1 C/A signal has
understandably been somewhat more extensively investigated. Unfortunately,
lack of common performance measures makes a comparison of results difficult.
The acquisition performance of the Galileo E1 OS pilot signal at a fixed C/N0
is evaluated in [39] by Monte Carlo simulation. The results are reported in the
form of ROC curves and mean acquisition times that are plotted against false
alarm rate. The mean acquisition times are evaluated by assuming single dwell
serial search with a threshold crossing criterion [107]. In [92], four acquisition
techniques for the data and pilot channels are analyzed in terms of probabilities of false alarm and detection. The mean acquisition times are plotted against
penalty time, a parameter of an assumed serial search algorithm. In [75], detection probabilities and mean acquisition times are plotted against C/N0 for five
acquisition algorithms. None of the publications discuss parallel acquisition, and
the probabilities of false alarm and detection are defined in the context of a single
cell, not in the context of the complete acquisition process.
The acquisition of the GPS L2C signal data component is discussed in [164],
where a few pointwise simulation results are given for the acquisition time at
two C/N0 levels. The acquisition of the data component is also discussed in [58],
where four algorithms for the joint acquisition of the GPS L1 C/A and GPS L2C
signals are evaluated and the results presented as ROC curves. The assisted acquisition of the L2C pilot signal using long coherent integration times is discussed in [13] and simulations presented for the probability of detection as a
function of C/N0 . Three acquisition strategies for the data component are discussed in [142], and the lowest acceptable C/N0 derived theoretically for two
combinations of detection and false alarm probabilities and two combinations of
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coherent and non-coherent integration times.
The Galileo E5 and GPS L5 signals are often discussed jointly since they have
identical symbol rates and similar concatenated ranging sequences. In [15], the
mean acquisition times and the probabilities of false alarm and detection are
plotted against C/N0 for different numbers of coherent integrations. Two strategies are considered, one based on a single signal component and another based
on both data and pilot components. Single-dwell serial acquisition is assumed
with idealizations regarding receiver front-end filtering and off-peak sampling.
Three different uncertainty regions are considered and acquisition times plotted. In a continuation paper [14], Monte Carlo simulation results for acquisition
time distributions are provided. Monte Carlo simulations for the ROC characteristics of five acquisition strategies are presented in [30] at two C/N0 levels
for a fixed number of coherent integrations. One of the strategies uses a single signal component and the other strategies use both data and pilot components. In [131] and [132], the theoretical and simulated mean acquisition times
of the Galileo E5 signals are plotted against C/N0 for four different acquisition
strategies, all based on single dwell serial search. Some of the strategies involve
simultaneous acquisition of the E5a and E5b signals.
In the publications referred to above, the mean acquisition times of the serial
search strategies are derived from single cell false alarm and detection probabilities Pf a and Pd by using some variant of the equation
Tacq =

(2 − Pd ) (1 + Kp Pf a )
Nu τ d
2Pd

(7)

due to Holmes [77], where Nu is the size of the uncertainty region, τd is the
dwell time, and Kp is a penalty factor, so that Kp τ d corresponds to the time lost
when a false alarm occurs. The parameters of the equation are heavily dependent
on several aspects of the acquisition procedure, such as the estimation of signal
parameters, the evaluation of cells, the detection of satellites, the verification of
acquisition results, and the technique of reacquisition used in the case of a false
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alarm. The metric represented by the equation therefore has to be modified or
newly derived if the acquisition engine is changed, which makes it ill-suited for
comparing GNSS signals for their acquisition performance.
The probability of acquisition error in a parallel acquisition GPS L1 C/A receiver
is plotted against signal power in [156] for several numbers of coherent integrations. In a continuation paper [155], a more generic and extensive set of plots
is presented for several sizes of uncertainty regions. The plots are obtained by
Monte Carlo simulation. In both publications, acquisition error is defined as an
erroneous outcome in a situation where a signal is present and is known to the
receiver to be present. Analytical expressions for the same problem are derived
and numerical results reported in [P3].
Borio [28, 29] generalizes the single cell detection and false alarm probabilities
by introducing the notion of system probabilities. ’System false alarm probability in the absence of signal’, PFa A , is defined as the probability of getting an
indication of signal presence when no signal is present, and ’System detection
probability’, PD , is defined as the probability of getting an indication of signal
presence, combined with correct information of its timing and frequency offset,
when a signal is present. He also plots PD against PFa A for serial, parallel and
hybrid search strategies and demonstrates that the PD of the parallel strategy surpasses those of the two other strategies uniformly over the whole range of PFa A
values when an AWGN channel and a single coherent integration are assumed.
Analytical expressions for the parallel strategy in the case of multiple coherent
integrations are derived in [P4] and [P5] and discussed below in section 4.3.
Konovaltsev [87] discusses serial, parallel, and hybrid acquisition strategies and
proposes to use the complexity and duration of the acquisition process as performance measures. As a reference algorithm he uses a ’maximum likelihood
algorithm’ where all search cells are examined in parallel and the cell with the
maximum search statistic, if it exceeds a predefined threshold, is singled out as
the one containing a signal. The process is followed by a separate verification
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stage and a possible re-initialization of the algorithm. The coherent integration
time and the single-cell false alarm and detection probabilities are given as design
parameters and the decision threshold and the number of coherent integrations
chosen accordingly. As acceptable outcomes for the parallel search, correct detection in the presence of signal and lack of alarm in the absence of signal are
defined. These conditions are identical to those defined by Borio and their probabilities can likewise be obtained from the analytical expressions derived in [P4]
and [P5].

4.2 Size of Uncertainty Region with and without Assistance
The size of the acquisition uncertainty region is the product of the numbers of
search options in frequency domain, Nf , and in time domain, Nc . The number
Nf has been given the expression [83]
Nf = 1.5BT /m ,

(8)

where B is the frequency uncertainty range, T is the total observation time, and
m is the number of coherent integrations. Equation (8) reflects the fact that the
width of a frequency search band is inversely proportional to the coherent integration time T /m. Slightly different values have been suggested by other writers
for the numerical factor 1.5 that is a tradeoff between speed and sensitivity requirements and receiver qualities such as frequency resolution and signal tracking capability. For FFT based methods, a factor of 1 is commonly used [143].
When no assistance is available, B is determined by the worst case receiver clock
bias and the maximum Doppler shift and is typically in the order of 10 kHz. The
number Nc is the product of time uncertainty range and receiver oversampling
rate. Equation (8) shows that an attempt to improve sensitivity by increasing the
coherent integration time results in a larger uncertainty region.
Acquisition assistance includes frequency and time references. The frequency
reference usually allows the receiver to significantly reduce B while the time
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reference in some cases allows it to reduce Nc . Three factors contribute to the
accuracy of the frequency reference: the accuracy of the basestation oscillator,
user movement with respect to the basestation, and the accuracy of the Doppler
estimate, usually calculated in the receiver. A typical accuracy of a frequency
reference is ±200 Hz [P5]. In most cellular networks, a time reference is available at an accuracy of 2–3 s, which is longer than the period of a satellite ranging
sequence and therefore does not help to reduce Nc . In some networks, however, a
time reference accurate to within a few tens of microseconds is available, allowing a significant reduction of Nc . In 3GPP WCDMA networks in particular, a so
called fine time assistance is available if basestations are equipped with optional
GNSS reference receivers. The specified error range of the fine time assistance
for terminal conformance testing [111] is ±10 µs [1, 2].
Publications [P3], [P4], [P5], and [P6] discuss the size of the acquisition uncertainty region of open access Galileo, GPS, and GLONASS signals when assuming different levels of cellular assistance. Two types of assistance are assumed in
[P5]: pure frequency assistance, referred to as coarse assistance, and combined
frequency and time assistance, referred to as fine assistance. The study reveals
a wide variability in the size of the uncertainty region, ranging from 130 cells
for the Galileo E1 data channel with fine assistance to 5.5 × 1011 cells for the
GPS L1C pilot channel without assistance.

4.3 Attenuation Margin as a Performance Measure
In publications [P4], [P5], and [P6], a new performance measure, referred to as
attenuation margin, is proposed for GNSS signals to indicate their susceptibility to path loss during acquisition. Attenuation margin is defined as the highest
attenuation that permits an idealized receiver to detect a signal or absence of
signal at a specified level of reliability. The idealization is chosen so as to minimize the number of arbitrary parameters and the influence of receiver technology
on the performance measure, but still to take into account essential signal char-
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acteristics, such as the length of ranging sequence. The measure is based on
the observation in [P3] that the dependency of acquisition sensitivity on the size
of uncertainty region can be expressed in a receiver independent manner if suitable simplifying assumptions are made about the acquisition process and receiver
structure. More specifically, by assuming unconstrained processing and memory
capacities, it is possible to obtain a functional relationship between the size of
the uncertainty region and the minimum signal strength required to achieve a
given acquisition performance in the sense of section 3.2. By further assuming
an AWGN channel, unlimited receiver bandwidth, synchronized sampling, absence of quantization effects, and uncorrelated cells, we are able to reduce the
arbitrary parameters to three: PFa A , PD , and T . With such a small number of
optional parameters, the performance measure is universal enough for comparing GNSS signals for their acquisition performance in a technology independent
manner.
To evaluate the attenuation margin, the global detection and false alarm probabilities are expressed as [P5]
h ³
mq ´in
PFa A (q) = 1 − P m, 2
2σ

(9)

and as
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respectively.
Here, n denotes the size of the uncertainty region, q denotes a detection threshold, and P (·, ·) denotes the lower regularized (incomplete) gamma function as
defined in [3]. The expressions are derived from the distributions (2) of cell
statistics.
Equations (9) and (10) lend themselves for evaluation with standard numerical
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software packages even for large values of m and n, but it is still instructive
to study their asymptotic behavior, especially as a simple relationship between
acquisition sensitivity and search space dimension can thereby be found. As a
first observation, the second term of (9) is proportional to q mn for small values
of q, so that for a large uncertainty region PFa A rapidly tends to unity when the
threshold q is lowered to zero. In [P3], (10) is studied for its asymptotic behavior
when n → ∞, q = 0, and PD = 1/2. For m = 1, the following approximate
relationship is obtained:

E
≈ ln (n − 1) − 1 ≈ ln n .
2σ 2

(11)

Another approach to study the asymptotic behavior of (10), yielding essentially
the same results, is taken in [P6] by evoking extreme value theory (EVT) [42,67].
It is shown in [P6] that for m = 1, the mean value and standard deviation of the
maximum of the magnitudes of n noise cells, denoted here by Fn , obtain the
expressions

Fn = 2σ 2 (ln n + γ)
and

r

¢2
¡
Fn − Fn = π

r

2 2
σ ,
3

(12)

(13)

respectively, where γ is the Euler constant with the approximate value of 0.5772.
It follows that to meet some given error rate requirements, detection thresholds
have to be tied to the logarithm of the size of the uncertainty range. Consequently, a larger uncertainty region results in a lower acquisition sensitivity, and
the dependency is logarithmic.
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4.3.1 Numerical Results
In [P3] and [P6], the complement of PD when q = 0, denoted as Pf a in the
¡
¢
publications, is plotted against E/ 2σ 2 for a wide range of combinations of
parameters n and m. Some of the combinations are motivated by examples from
Galileo and GPS signal acquisition. The variable Pf a represents the acquisition
error probability in the idealized case where a signal is present and is known to
the receiver to be present. The plots clearly demonstrate the logarithmic dependency of acquisition sensitivity on the size of uncertainty region.
¡
¢
In [P4], PD is plotted against E/ 2σ 2 for several GNSS signals by solving
(9) for q when PFa A = 0.01 and inserting the result into (10). Two cases are
discussed, acquisition without assistance and acquisition with fine assistance.
Results are also shown for single cell acquisition (n = 1). Attenuation margin
is tabulated under the conditions PFa A = 0.01 and PD = 0.991 . In [P5], the
GLONASS L1 SP signal and coarse assistance are additionally analyzed. In both
publications, the total signal observation time is taken to be one second, leading
to multiple coherent integrations for the data channels. For the pilot channels, a
single one-second coherent integration is assumed, which in some cases means
integration over several code cycles and in two cases (GPS L1C and GPS L2C)
integration over a fractional code cycle.
The numerical analysis in [P4], [P5], and [P6] reveals that the data channels of
modern and modernized satellite signals have low attenuation margins in comparison with those of GPS L1 C/A. This is especially true for signals whose
coherent integration time is short due to their high symbol rate. Pilot signals in
general offer attenuation margins that are 7 dB higher than those of the corresponding data signals. However, assistance would seem to be a precondition for
their use in weak signal acquisition due to their otherwise extremely wide uncertainty regions. Reducing the uncertainty with assistance would seem to increase
1

The single cell attenuation margin for the L1C pilot signal in Table 2 of [P4] is in error and
should read 29.7 dB, not 39.7 dB.
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the attenuation margins of the pilot signals by an additional 0.5 dB for coarse
assistance and by an additional 2 dB for fine assistance. Following this line of
argument, a sensitivity improvement of as high as 9 dB can be attributed to fine
assistance, 7 dB of which is due to the difference between data and pilot signals
and 2 dB due to the reduction of uncertainty space.

4.4 Discussion
A new performance measure, attenuation margin, has been introduced as a metric for comparing different GNSS signals for their acquisition properties when
the signals are attenuated by obstacles in the propagation path. To make the performance measure applicable in practice despite the often large uncertainty regions involved, analytical expressions for its evaluation have been derived. The
expressions have been used to calculate the attenuation margins of several old,
modern, and modernized GNSS signals under different assumptions about acquisition assistance. The results have been discussed and conclusions drawn
about the significance of acquisition assistance and various signal parameters
for the acquisition properties of the signals. Additionally, a simple asymptotic
functional relationship between acquisition sensitivity and the size of uncertainty
region has been established for large uncertainty regions.
The idea of comparing the acquisition properties of satellite signals using a common performance measure is new in the GNSS literature where the problem setting has usually been one of comparing receiver architectures and algorithms. In
particular, the idea of attributing acquisition sensitivity quantitatively to the size
of the uncertainty region is new. The derived expressions are also new, although
a special case has been published earlier. The asymptotic study has been done
both on the basis of known theory and by using a new, alternative approach that
gives additional insight into the functional relationship established.

5. RANGING SEQUENCES

The topic of this chapter is to provide a method of constructing families of ranging sequences that are both short and have good cross-correlation properties. The
method is based on using sequences of unequal lengths, first proposed by one of
us for terrestrial CDMA wireless networks in [162] and then jointly by us for
GNSS in [163], [P7], and [P8]. The method is particularly well suited for the
design of GNSS ranging sequences because it provides for the first time a systematic method for reducing cross-correlation in the time-frequency domain as
opposed to earlier approaches that have only addressed cross-correlation in the
time domain.
In section 5.1, general requirements and performance metrics for CDMA spreading sequences are reviewed and the specific requirements for GNSS ranging sequences highlighted. Related work is reviewed in section 5.2 and our method
presented in section 5.3. The chapter is summarized in section 5.4.

5.1 Requirements for Ranging Sequences
A GNSS system is akin to a terrestrial CDMA communication network in that
transmissions from several transmitters are separated by code multiplexing. The
Russian GLONASS system currently relies on frequency multiplexing, but is
reported to introduce code multiplexing in the next generation K-series satellites [59]. The similarity of GNSS with communication networks extends to the
so-called near-far effect, a phenomenon where a weaker signal is masked by a
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stronger one due to an imperfection in the multiplexing scheme. In GNSS systems, this phenomenon mainly manifests itself in urban locations where some
satellite signals are attenuated more than others. If the signals are not fully orthogonal, a receiver trying to receive a weaker signal may erroneously react to a
stronger one and subsequently malfunction. In code multiplexed systems, lack of
orthogonality is mostly caused by cross-correlation between ranging sequences.
Minimizing pairwise cross-correlation is therefore a central objective in the design of GNSS ranging sequences.
Unlike the terrestrial CDMA communication channel, the GNSS channel introduces a large Doppler shift that may have a significant impact on the crosscorrelation properties of the signals. Consider, for example, a GPS L1 C/A
correlation receiver tuned to the nominal carrier frequency and subjected to a
satellite signal with a Doppler shift of 4 kHz. The incoming signal experiences
four 360 ◦ complex phase rotations with respect to a local reference during a 1 ms
code cycle, yielding a correlation result that is likely to differ significantly from
what would have been obtained if the Doppler shift had been absent. Indeed, it is
known that a 4 kHz Doppler difference increases the worst-case cross-correlation
between GPS L1 C/A signals by more than 2 dB [100].
Some further objectives for GNSS sequence design are avoidance of high spectral peaks, minimization of minor autocorrelation peaks, and minimization of a
DC component. Ease of signal acquisition is also an important consideration,
especially for portable receivers. High peaks in the signal frequency spectrum
make receivers vulnerable to narrowband interference [133]. Although such interference should be uncommon in the strictly regulated GNSS frequency bands,
locally generated in-band spurious signals are still present in mobile phones and
other integrated electronic devices [144]. Narrowband interference mitigation
therefore plays an important role in achieving high sensitivity GNSS reception
in such devices. Minor autocorrelation peaks are a concern in sequential acquisition where the correlation function between the satellite signal and its local
replica is often only partially evaluated. If the main peak is not present in the seg-
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ment evaluated, it is possible that the receiver accepts a minor peak for the main
peak. This is less of a concern for parallel acquisition where the entire correlation function is typically evaluated. A GNSS ranging sequence should normally
be free of a DC component to allow AC coupling in signal paths. In practice, a
small DC component is often present and is not considered harmful [73]. Ease
of acquisition is inversely related to the size of uncertainty region and further to
sequence length, as was discussed in chapter 4.
In early GNSS literature, orthogonality requirements were mainly expressed in
terms of even correlation functions, but attention has recently also been given
to odd correlation functions [121]. Even periodic correlation functions for a
set of M sequences of length L and complex elements cni , n = 1, . . . , M and
i = 0, . . . , L − 1, are defined for 0 ≤ l < L as [57, 113, 126]
e
θm,n
(l) = Cm,n (l) + Cm,n (l − L) ,

(14)

where

PL−l−1 m n∗


cj cj+l , 0 ≤ l ≤ L − 1

 j=0
PL+l−1 m n∗
Cm,n (l) =
cj−l cj , 1 − L ≤ l < 0
j=0



0,
|l| ≥ L.

(15)

In (14), m = n corresponds to the autocorrelation function and m 6= n to the
cross-correlation functions. Odd periodic correlation functions are similarly defined as
o
θm,n
(l) = Cm,n (l) − Cm,n (l − L) .

(16)

Odd periodic correlation functions reflect cross-correlation between DS-SS signals that have sign changes at sequence boundaries while even periodic correlation functions reflect cross-correlation between DS-SS signals that do not have
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sign changes. The even functions are therefore applicable to GNSS signal pilot
components while the even and odd functions are both applicable to GNSS signal data components that contain passages with and without sign changes. In a
case where the modulation rate of the data component is low in comparison with
the repetition rate of its ranging sequence, as is the case with the GPS L1 C/A
signal, sign transitions are infrequent, and cross-correlation may be best reflected
by the even correlation functions. Pilot components with composite ranging sequences (see section 5.2) are sometimes viewed as data components where the
elements of the secondary code are interpreted as data symbols. This approach
calls for the use of even and odd correlation functions. More specifically, it has
been suggested that a weighted mean of even and odd correlation functions be
used as a performance measure in this case [68].
Welch [157] considers the normalized case

e
θm,m
(0)

=

L−1
X

2
|cm
i | = 1,

(17)
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(18)
and derives the lower bound
r
θmax ≥

M −1
.
ML − 1

(19)

The bound gives the lowest possible maximum for even cross-correlation and
minor peak autocorrelation magnitudes that can be obtained for a set of M sequences of length L. It is shown in [126] that (19) also holds for odd periodic
correlation functions.
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The vulnerability of a GNSS signal to narrowband interference is customarily
assessed by inspecting its power spectral density for strong components. If a
strong spectral component coincides with an interfering narrowband signal, the
interfering signal is not efficiently suppressed when it is correlated with a replica
sequence in a receiver [110]. To take an example, a GPS L1 C/A signal without
data modulation has a line spectrum with lines separated by intervals of 1 kHz,
the inverse period of the ranging sequence. The spectrum of the actual signal is
not fully discrete since the signal is BPSK modulated with a 50 bps data stream,
which causes some broadening of spectral lines. The spectrum has a sin x/x
envelope due to the NRZ waveform of the signal. The amplitudes of the spectral
lines do not accurately follow the the sin x/x envelope, however, since the power
spectra of the ranging sequences are not flat, the largest upward deviation among
spectral components being 8.8 dB [83]. If it is desired to reduce strong spectral
components, either sequences with a flatter spectrum or sequences with a lower
average spectral component power need to be chosen. The average spectral component power can only be reduced by using a longer ranging sequence.

5.2 Related Work
The GPS L1 C/A signals are based on a set of 1,023 long ranging sequences
due to Gold [60]. The sequences are generated by modulo 2 addition of two
m-sequences, one of which is selectively delayed to yield a set of sequences, 32
of which are assigned to satellites. The cross-correlation functions and minor
peak autocorrelation functions of the sequences have an upper limit of 65 on
a scale where the autocorrelation main peaks obtain the value of 1,023 [126].
This corresponds to a cross-correlation separation of 23.9 dB in the absence of
Doppler shift.
The primary ranging sequences of the GPS L1C signal [66] were originally constructed by padding selected 10,223 long Weil sequences [120] to the desired
length of 10,230 with pads chosen by exhaustive computer search to optimize
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both even and odd correlation behavior of the sequences [121]. The search
yielded 739 primary ranging sequences with a minimum even cross-correlation
separation of 27.5 dB and with a minimum odd cross-correlation separation of
26.2 dB. From these sequences, 210 matched pilot–data pairs were chosen that
have a zero DC component and a zero-lag cross correlation value of +2 or -2. A
data symbol has a duration of 10 ms and is represented by one cycle of a primary
ranging sequence. The pilot signal has a composite ranging sequence [18] that
is constructed by representing a binary 1,800 long secondary ranging sequence
in terms of a primary ranging sequence. Each pilot sequence has a unique secondary ranging sequence that is either a truncated m-sequence or a modulo-2
sum of two truncated m-sequences. To generate all the data and pilot sequences
it is sufficient to store in memory a single 10,223 long Legendre sequence from
which the sequences are derived with shift registers and modulo-2 adders.
The ranging sequences of the GPS L2C signals [65] are truncated m-sequences
that have the same degree 27 generating polynomial but different initial phases.
The data sequences have a length of 10,230 and a transmission time of 20 ms,
which is also the symbol duration. The pilot channel sequences have a length of
767,250 and a transmission time of 1.5 seconds. The data and pilot channels are
time multiplexed at chip level and the resulting stream transmitted at a chip rate
of 1.023 MHz. The cross-correlation separation between any pair of ranging sequences and the separation between the main and minor peaks of autocorrelation
functions are greater than 45 dB [56].
The GPS L5 primary ranging sequences [64] have a length of 10,230 and a chip
rate of 10 MHz. The sequences are the modulo-2 sum of two polynomial degree
13 linear feedback shift register sequences, one of which is selectively delayed
to generate a set of sequences. There are 37 pairs of sequences for use in the
data and pilot components of satellite signals. The data and pilot components
have composite ranging sequences formed by modulo-2 summing a secondary
sequence onto a primary sequence. The main reason for using a secondary sequence here is to cause additional spreading of narrowband interference [49].
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There is one 10 long secondary sequence for the data sequences and one 20
long secondary sequence for the pilot sequences. The data component is formed
by modulo-2 summing a 100 Hz symbol stream onto the corresponding composite ranging sequence. The cross-correlation separation between sequences
belonging to different pairs is 27 dB. The largest autocorrelation minor peak is
30 dB below the main peak. The correlation values are reported for zero Doppler
difference only. Cross-correlation at other Doppler differences was considered
unimportant by the signal designers due to the high chip rate which, in combination with a Doppler difference, makes the lifetime of an unfavorable sequence
alignment short [50].
The design criteria of the Galileo E1 OS ranging sequences [55] are discussed
in [133]. Five performance measures were established to take into account even
and odd correlation functions and sensitivity to narrowband interference. The
correlation functions were calculated both in absence and in presence of Doppler
shift. Acquisition and tracking were addressed separately by calculating different weighted averages of the correlation functions. The Welch bound (19) was
used to normalize the correlation functions and to discriminate poorly performing sequences from good ones. The sequence design itself is reported in [152].
Primary sequences, each 4.092 elements in length, were computer-searched by
evaluating a set of initial sequences for their correlation properties, identifying
the worst behaving sequences, changing elements randomly, and adopting the
changes if they were for the better. The search yielded a set of 100 sequences, 50
each for the pilot and data components. The worst-case cross-correlation separation of the sequences is 21.49 dB. The transmission time of a primary sequence
is 4 ms which is the same as the data symbol duration. A data symbol is represented by adding its binary value modulo-2 to one cycle of the primary sequence.
The pilot sequence is a composite sequence obtained by adding the elements of
a 25 long secondary sequence modulo-2 to 25 consecutive cycles of the primary
sequence. The secondary sequence was obtained by computer search [54].
In [151], the design approach of the Galileo E1 OS sequences is compared to that
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of the GPS L1C sequences by constructing new sequences of equal length and
calculating their correlations at different Doppler differences. The established
correlation magnitudes are mostly within one decibel from each other and the
results are therefore inconclusive as to the superiority of either approach.
The Galileo E5a and E5b signals [55] have primary sequences 10,230 in length
and one millisecond in duration. There are 200 sequences in total, 50 each for the
data and pilot channels of the two signals. Two alternative sets of sequences are
given, one based on computer search and another based on modulo-2 summing
of two truncated Gold codes of polynomial order 14 [54]. In the E5a signal the
data symbol and pilot sequence durations are 20 ms and 100 ms, respectively.
In the E5b signal the durations are 4 ms and 100 ms. The pilot sequences are
formed as composite sequences from the primary sequences and from secondary
sequences that are unique to each satellite. A data symbol is represented by
adding its binary value modulo-2 to a composite sequence that is formed using a
fixed secondary sequence of length 4 for the E5a signal and of length 20 for the
E5b signal. The secondary sequences were obtained by computer search [54].
Some correlation properties of the ranging sequences are evaluated in [68].

5.3 New Family of Ranging Sequences with Good Cross-Correlation
Properties

In this section, we give the rationale behind our unequal length ranging sequences [P7] [163] and their use in GNSS pilot signals. In subsection 5.3.1
we show how worst-case cross-correlation can be reduced by using unequal sequence lengths and in subsection 5.3.2 we present an algorithm [P8] for practical
sequence design.
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5.3.1 General Case
We consider a set of M ranging sequences of pairwise relatively prime lengths
Lk , k = 1, . . . , M , that consist of binary elements cki so that cki ∈ {−1, +1}
and i = 0, . . . , Lk − 1, and assume that a GNSS system employs pilot signals
modulated with these sequences using a pulse waveform h (t). Neglecting a
multiplicative factor, the receiver baseband signals can then be expressed as
∞ LX
k −1
X

gk (t) = exp (j2πfk t)

cki h (t − (i + lLk ) Tc ) ,

(20)

l=−∞ i=0

where fk is the Doppler shift and Tc is the chip period. It follows from the
Chinese remainder theorem [46] that any pair of sequences of lengths Lm and
Ln has a joint period of length Lm Ln . Equation (20) can be expressed in Fourier
series form as

gk (t) = exp (j2πfk t)

∞
X

dki

i=−∞

µ
¶
it
exp j2π
,
Lk Tc

(21)

where the coefficients are given by
dki

=

³
´
k −1
H j2π LkiTc LX
Lk Tc

l=0

ckl

µ
¶
il
exp −j2π
.
Lk

(22)

In (22), H (·) denotes the Fourier transform of h (·). Defining the continuous
time cross-correlation function between two pilot signals as
1
T →∞ T

Rm,n (t) = lim

Z

T
2

− T2

∗
gm
(u) gn (u + t) du

(23)
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Fig. 8. Alignment of spectral lines in the absence of Doppler difference.
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Fig. 9. Alignment of spectral lines in the presence of Doppler difference.
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and substituting (21) into (23), it can be observed that only terms with identical
frequency components in the signals contribute to Rm,n (·). Making the simplifying assumption that H (·) has a sharp cut-off at f = 1/ (2 Tc ), it is shown in
[P7] that there is at most one pair of such components. The situation is illustrated
schematically in Figs. 8 and 9 for the cases where a Doppler shift is absent or
present, respectively. It is shown further in [P7] that, for l ∈ Z,
¯ n¯
¯ ¯
|Rm,n (lTc )| ≤ max |dm
i | max dj .
i

j

(24)

The rhs of (24) represents the amplitude ratio of the highest possible crosscorrelation component to the signal component in a perfect tracking situation
where the desired and disturbing components have equal power. The tightest
cross-correlation upper bound is obtained when the spectral power is evenly distributed among the spectral components of the signals. In this case,
1
|Rm,n (lTc )| ≤ √
.
Lm Ln

(25)

For a numerical example, assume that Lm = 1, 021 and Ln = 1, 022. The
rhs of (25) then evaluates to 60.2 dB which is almost three times the worst-case
cross-correlation separation of the GPS L1 C/A signals, which is 21.6 dB. This
is quite a remarkable potential advantage considering the fact that the separation
is achieved with sequences that are shorter than those of GPS L1 C/A.
Equation (20) assumes that the effect of code frequency offset can be neglected.
The code frequency offset, also referred to as the code Doppler [36], and the
carrier frequency offset, customarily referred to as the Doppler shift, represent
the first and zeroth order baseband approximations, respectively, of a frequency
dilatation or contraction caused by radial movement of transmitters and receivers
with respect to each other. For channels with narrow bandwidth and slow movement the Doppler shift is often a sufficient approximation, while for wider bandwidths and faster movements the code frequency offset may also have to be con-
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sidered. In the frequency domain, the effect of the Doppler shift is to move the
origin, while the effect of the code frequency offset is to cause a scaling around
the origin. The scaling constant is (1 + fk /f0 ), where fk is the Doppler shift
and f0 is the carrier frequency. For a signal with a spectral width of 1/Tc , as
is considered here, the scaling causes a mutual shift of frequency components
that is shorter than or equal to fk / (f0 Tc ). Assume now that two signals with sequence lengths Lm and Ln have a mutual Doppler shift fk such that they have a
single pair of overlapping spectral components. Generalizing from Figs. 8 and 9
it can be seen, and further verified using the Chinese remainder theorem, that
the frequency difference between any other pair of spectral components has a
lower limit of 1/ (Lm Ln Tc ). In order for the code frequency offset not to cause
a second pair of spectral components to overlap, it is necessary to require that
fk
1
f0
<
⇔ Lm Ln <
.
f0 Tc
Lm Ln Tc
fk

(26)

Assuming that Lm ≈ Ln , it follows that (26) is satisfied when the sequences are
p
shorter than f0 /fk . For longer sequences the cross-correlation performance
can be expected to improve slower than (25) suggests. As a numerical example,
for f0 = 1.57 GHz and fk = 6 kHz, the sequence lengths should be shorter than
511.

5.3.2 Sequence Design Using Truncated m-Sequences
Fig. 10 shows a flow diagram of a sub-optimal iterative algorithm for creating
a set of N ranging sequences [P8]. A set of pairwise relatively prime numbers
ni , i = 1, . . . , N , is first chosen and a long m-sequence then split into N nonoverlapping segments that are chosen so as to minimize the strongest spectral
component of the whole set. The splitting points found by the algorithm are
stored for use as initialization values for sequence generators.
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Fig. 10. Algorithm for sequence family search.

In [P8], a design example is given for a set of 40 balanced sequences that are
obtained from an m-sequence based on the primitive generator polynomial x24 +
x7 + x2 + x + 1 [104]. The sequence lengths were chosen from the range of
1,024 to 1,229 to achieve a resistance to narrowband interference equal or better
than that of the GPS L1 C/A signals. The design resulted in a set of sequences
with a cross-correlation separation of 47.7 dB. This figure is 12.5 dB below the
theoretical maximum given by (25), but more than twice as high as that of the
GPS C/A signals, and higher than that of the GPS L2C pilot signals that have
much longer sequences.
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5.4 Discussion
A new method of GNSS ranging sequence design has been presented that for
the first time takes Doppler differences into account when minimizing crosscorrelation. The method yields unprecedentedly short pilot sequences with crosscorrelation maximums comparable to those of earlier proposals. The new sequences have a nearly flat spectrum by design, which is generally considered to
give good resistance to narrowband interference. They also have a simple receiver implementation since a complete set of sequences can be generated with
a single linear feedback shift register with fixed tap positions. Perhaps most importantly, however, the new sequences allow constructing pilot signals that have
a short enough cycle time for direct acquisition. Direct acquisition of pilot components is attractive due to the fact that their coherent integration times are not
limited by data bit transitions. To illustrate the proposed method, a design example has been presented where a set of sequences similar to those of GPS L1 C/A
in length but with vastly better cross-correlation characteristics has been created.
Our key idea is to use unequal sequence lengths to achieve a worst-case crosscorrelation magnitude that is typically tens of decibels lower than that achievable
with previous methods. Additionally, practically zero cross-correlation can be
achieved in the absence of Doppler difference if balanced sequences are used
[P7]. Unequal sequence lengths are of decisive importance for the success of our
method, while the choice of the sequences is less critical, because the required
spectral smoothness can easily be achieved with computer search, as is seen
from Table 1 in [P8]. The design example reported in the table also shows that
constraining the design space to truncated m-sequences is not a serious limitation
if a high enough polynomial order is chosen.
The idea of using several truncated m-sequences with a single generator polynomial has been proposed earlier for GPS L5 signals [50]. In that case, however, the
sequence lengths were equal and Doppler differences were ignored when choosing the sequences. Another approach to computer optimized sequences, applied
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in Galileo E1 and E5 signal design, is to conduct a computer search in an unconstrained design space and to store the resulting sequences verbatim in memory.
The transmitter and receiver implementations of this approach are likely to be
more expensive than those of the m-sequence based approach.
We have discussed our method in the context of pilot sequence design, which has
allowed us to concentrate on even cross-correlation functions. However, GNSS
signal design is not complete until also the data components meet system crosscorrelation requirements. A full treatment of this problem would require a study
of odd cross-correlation functions and the effects of modulation on spectral lines.
The following observations can, however, be readily made. If the data and pilot
sequences are the same length and their repetition rate is higher than the symbol
rate, as is the case with the GPS L1 C/A signals, even correlation functions
dominate cross-correlation. It may then be acceptable to optimize the signals
for even cross-correlation only and ignore odd cross-correlation. Alternatively,
one could use longer sequences for the data signals, which would provide more
freedom for their optimization.
We have omitted the discussion of pulse waveforms and multipath propagation
by assuming Nyquist pulses and chip-spaced sampling. Modern and modernized
GNSS signals have complex pulse waveforms with multiple local maximums
in their autocorrelation main peaks. Correctly resolving the related ambiguities
in acquisition has proved to be a non-trivial problem in itself and has spawned
several research programs that continue today [132] [76]. It has been pointed out
[12] that the problems of ranging sequence and pulse waveform design are not
entirely separable, and it is therefore thinkable that further progress can be made
by joint optimization. A further complicating factor requiring more research is
the RF envelope equalization scheme adopted by Galileo and shown to interfere
with signal cross-correlation [152].
We have not addressed the impact of unequal code lengths on receiver design
and complexity. The differences in code lengths would obviously require some
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asymmetry to be introduced to acquisition electronics and tracking loops. How
this can be accounted for in practical receiver design remains a matter of further
research.

6. TIME TRANSFER AND RECEIVER SYNCHRONIZATION
TECHNIQUES

In this section, a time transfer mechanism is proposed that allows a GNSS receiver to extract time information directly from a satellite signal that is too weak
for bit detection. The information is determined from a new type of changing bit
pattern embedded in the signal. The pattern is chosen so as to allow SNR improvement through coherent processing. The coherent processing requires good
phase stability and the mechanism is therefore mainly suited for satellite signals
that have a pilot component.
The chapter begins with an outline of related work in section 6.1. The proposed
technique is presented in section 6.2. Section 6.3 concludes the discussion.

6.1 Related Work
6.1.1 Broadcasting of Time Information
A basic measurement made by a GNSS receiver is the apparent transit time of
a signal from a satellite to the receiver, defined as the difference between signal
reception time, as determined by the receiver clock, and the time of transmission
(TOT) at the satellite, as marked on the signal [94]. To make it possible for a
receiver to extract timing information from satellite signals, the signals are composed of blocks with an easily recognizable delimiter, referred to here as basic
blocks. As an alternative to delimiters, a pilot signal can be provided that has its
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periods synchronized with those of the basic blocks [66]. In GPS, GLONASS
and Galileo the basic blocks are referred to as sub-frames [65], strings [38], and
page parts [55], respectively. Some of the basic blocks contain TOT information
that effectively establishes a sequence numbering for all of the blocks. The basic
blocks are concatenated to form a nested hierarchy of signal structures that are
transmitted cyclically at regular intervals. The highest level structure is called
the navigation message. To illustrate the concept, the structure of the Galileo E1
navigation message is discussed in more detail below.
The Galileo E1 signal [55] consists of a data component and a pilot component
that are code division multiplexed and modulated onto a carrier for transmission. The data component is formed of a sequence of navigation messages of
type I/NAV that have the nested structure shown in Fig. 11. The structure allows
satellites to broadcast information updates cyclically at three different repetition
rates. There is no data content in the pilot signal that merely consists of a repeating sequence with a period of 100 ms. The pilot sequence is synchronized to the
basic blocks of the data component.
The basic block of the I/NAV navigation message, shown in Fig. 12, is referred
to as the page part, and has a duration of one second. It consists of a fixed
synchronization pattern of ten symbols, 0101100000, and a changeable field of
240 symbols. The changeable field carries 114 bits of control, time, satellite,
and atmospheric information that is subjected to FEC encoding and interleaving
before transmission. The FEC encoding comprises rate 1:2, constraint length 7
convolutional encoding. The synchronization pattern is not encoded. Page parts
always appear in pairs, referred to as pages.
A sub-frame consists of fifteen pages. In each sub-frame, TOT information is
transmitted in part on the third page and in full on the thirteenth page. Full TOT
information is thus transmitted once and partial TOT information twice every 30
seconds. The full TOT information consists of a 12 bit week number that has a
roll-over period of 4096 weeks and a 20 bit time of week (TOW) indicator that
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Fig. 11. Galileo E1 navigation message.
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has a resolution of one second and a roll-over period of one week. The partial
TOT information consists of the TOW indicator only.

6.1.2 Time Recovery from Nominal Signal
If a good quality satellite signal is available, time recovery can be based solely on
its data component. If a receiver is able to process the pilot signal, it may benefit
from the fact that the navigation message and its substructures, such as the page
parts of the Galileo E1 data message, are synchronized to the pilot sequence. The
receiver would presumably conduct the time recovery by proceeding along the
following steps:
• Acquiring the satellite signal by synchronizing to the carrier frequency,
carrier phase, and sequence timing of its data component. Optionally, synchronizing also to the sequence timing of its pilot component and using the
pilot component to improve the synchronization to the carrier frequency
and carrier phase.
• Observing the data signal until a synchronization pattern is detected. Using the pattern to establish synchronization to the boundaries of basic
blocks. If available, using the sequence timing of the pilot signal to limit
the search range.
• Receiving and decoding the contents of basic blocks until TOT information is encountered.

6.1.3 Time Recovery from Weak Signal
If the SNR of the satellite signal is significantly below nominal, the steps in 6.1.2
cannot be completed because bit errors prevent reliable decoding of signal contents. Due to the low modulation rates of GNSS signals, it may still be possible to
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track their sequence timing. We then say that the SNR is above sequence tracking threshold but below data decoding threshold. For the GPS L5 data signal, for
example, C/N0 thresholds of 22.1 dB-Hz and 25.6 dB-Hz have been reported
for sequence tracking and data decoding, respectively [15]. If the symbol rate of
the signal is higher than its bit rate, as is the case with the GPS L1 C/A, GPS L5,
and Galileo E5 signals, bit edge timing needs to be extracted before data decoding becomes possible. There are several ways to do this after the sequence
timing has been established [11, 86], which suggests that also a third threshold,
bit synchronization threshold, can be meaningfully defined.
Assume that the SNR of a satellite signal lies between the sequence tracking and
data decoding thresholds and that the receiver is tracking both data and pilot signals. Assume further that the receiver has valid satellite trajectory information,
either from an assistance network or from a recent successful download from
a satellite. Due to the lack of data modulation in the pilot signal, the receiver
is likely to obtain a relatively noiseless carrier phase estimate from the signal
by using a narrowband tracking loop. Using the estimate, the receiver is able
to demodulate the data channel coherently, but is not likely to detect ordinary
data bits correctly due to the low SNR of the demodulation result. However, a
cyclically repeating pattern, such as the Galileo E1 synchronization pattern, can
be received multiple times and the SNR of the demodulation result improved by
additive combining. As a consequence, the receiver may be able to synchronize
to the pattern. In terms of Galileo E1 this means that the receiver is able to synchronize to page part boundaries and by so doing learn the TOT up to an integer
number of page part durations. The full TOT remains unknown for the receiver,
however, since it cannot identify the page parts by decoding the TOT information
in their data fields. If the missing information were available, the receiver would
be able to solve the navigation equations for its current position. It may be noted
that the missing information is equivalent to having available any unique set of
sequence identifiers for the page parts.
Three techniques, referred to as time stamp recovery techniques, have been pro-
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posed for identifying the basic blocks of navigation messages in weak signal
conditions [4]:

• Base station synchronization. A cellular network operator can synchronize
base stations with GNSS time and include the timing information into assistance messages.

• Navigation data alignment. A cellular network operator can transmit navigation bits or symbols verbatim in assistance messages. By aligning them
with a demodulated satellite signal, a receiver can determine the TOT of
the latter [137].

• Enhanced triangulation. If the set of navigation equations is over-determined,
it may be solvable even if TOT information is only available up to an integer number of basic block durations [138].

There are significant limitations to the use of these techniques. All of them require assistance information from outside the GNSS system. Such information
is available only by using a separate radio transceiver, only for account holders, and only in a small fraction of the total GNSS coverage area. Base station
synchronization incurs an additional cost from equipping cellular base stations
with GNSS receivers. A prerequisite for navigation data alignment is that at least
part of the navigation message can be predicted by the assistance network and
that a reasonably accurate time estimate already exists in the receiver. This technique is also complicated by the FEC coding of some GNSS signals. Enhanced
triangulation requires that the receiver is able to receive at least five satellite signals, which limits its applicability especially in areas where signal propagation
is obstructed.
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Fig. 13. Galileo basic block with proposed time tabels.

6.2 New Time Transfer Technique for Weak Signals
6.2.1 Time Label
Consider a GNSS satellite signal with basic blocks as explained in section 6.1.1
and binary modulation symbols. Let c1 (·), c2 (·),. . . ,cn (·) be n maximumlength binary linear shift-register sequences [62], or m-sequences, with pairwise
relatively prime periods ν1 , ν2 ,. . . ,νn . The choice of n will be discussed later.
We propose to include the n–tuple {c1 (i), c2 (i),. . . , cn (i)} at one or multiple
fixed locations in the symbol sequence of each basic block. The index i denotes
the sequence number of the n–tuple with an initial point known to the receiver.
It follows from the Chinese remainder theorem [46] that the cycle length ν of the
sequence of the n–tuples is the product of the cycle lengths of the m–sequences:
Q
ν = ni=1 νi .
Using an example discussed in [P9], where n = 3, ν1 = 127, ν2 = 255, and ν3 =
511, an n–tuple with three symbols, if included ten times in each Galileo E1 page
part by eliminating some data content, would cover a period of 19.15 days, thus
obviating the TOW indicator. The proposed structure of the basic block with its
contained n–tuples, referred to here as time labels, is outlined in Fig. 13.
The technique proposed here was inspired by but is not identical with the so
called rapid acquisition sequences that have been proposed for the synchronization of noisy signals by Titsworth [141], Stiffler [135], and Bluestein [26].
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6.2.2 Time Recovery
To generate ci (·), a ki -bit shift register is needed such that νi = 2ki − 1. If
the satellite signal is strong enough for reliable symbol detection, it is sufficient to collect maxni=1 ki consecutive time labels to detect the phases of the
m–sequences, since the phase of an m-sequence generated by a k-bit shift register is determined as soon as k consecutive bits are known. Evoking again the
Chinese remainder theorem, we observe that the phases of the m–sequences fully
determine the phase of the (much longer) sequence of n-tuples, thus allowing the
receiver to resolve the sequence numbering of the basic blocks.
If the SNR of the satellite signal does not allow reliable detection of individual
symbols, several symbol samples can be collected and coherently processed to
detect the phases of the m–sequences. A prerequisite for the coherent processing
is a stable phase reference that can, under favorable conditions, be obtained from
the pilot component. An uncomplicated way of detecting the phase of an m–
sequence is to collect samples over an integer number of cycles, to correlate them
with a local replica of the sequence, and to detect the correlation maximum. Due
to the low minor peaks of cyclic autocorrelation functions of m–sequences, a
considerable processing gain and increase of sensitivity can be obtained by such
processing.

6.2.3 Weak Signal Performance
Using the union bound approximation as in [26], it shown in [P9] that the probability of timing failure can be expressed as
Z ∞
n
X
νi
2
r
√
Pe =
e−x /2 dx ,
Eb
2π
Ai νi
N
i=1

(27)

0

where Ai is the number of cycles of sequence ci (·) that are received, Eb is the
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symbol energy, and N0 is the single-sided noise power spectral density. Continuing the example of section 6.2.1 by putting n = 3, ν1 = 127, ν2 = 255,
ν3 = 511, A1 = 4, A2 = 2, and A3 = 1, a success rate of 95% is achieved at
an Eb /N0 of -15.4 dB, a figure that is clearly below the data detection threshold.
For Galileo in particular, the figure corresponds to a C/N0 of 11.6 dB-Hz, which
is far below the nominal level of 47 dB-Hz. The time needed to collect the timing
information is 51 s, one complete cycle of c3 (·).

6.3 Discussion
The capacity of the GNSS broadcast channel is low and ought to be carefully allocated between time transfer and navigation data transmission. In earlier work,
time information is embedded in data fields and cannot be received if the signal
SNR is below the data detection threshold. This is unfortunate since the time
information cannot easily be supplied from other sources due to the high timing
accuracy required. To improve the situation, a novel time transfer mechanism
has been presented that is tolerant of low SNR.
The proposed mechanism may require trading off some bits from data transmission, as is the case in the example discussed in 6.2.1. We believe that such a
trade-off is well grounded since, in contrast to the time information, navigation
data is long-lived and available from terrestrial sources for a growing number of
GNSS receivers. Also, some more recent signal proposals (GPS L2C in [65])
show that a GNSS member system can be implemented with a low navigation
data bit rate, further attesting to the feasibility of our proposal.
The amount of transmission power that needs to be allocated to the proposed
mechanism depends on the required minimum roll-over period and on the allowed maximum latency for time retrieval. There are two central design parameters: the number of m-sequences and the density of time labels in the symbol
stream. In the example above, 6 % of the combined data and pilot channel trans-
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mission power was used to obtain a roll-over period of 19.15 days. Since this
period exceeds that of the Galileo TOW indicator, the latter could be eliminated.
Adding a fourth m-sequence of length 2047 would extend the roll-over period
to 5610 weeks, allowing also the week number of the Galileo signal to be eliminated, thus making full time retrieval possible in weak signal conditions. Assuming that the density of time labels remains unchanged, the power allocation
in this case would be 8 %.

7. CONCLUSIONS

In this thesis, the acquisition of weak GNSS signals has been studied with special
attention to mobile receivers and acquisition assistance. Good performance with
weak signals is important since mobile receivers are used for emergency calls,
route guidance, and other purposes where time is premium and the available
GNSS signals often heavily attenuated. Acquisition performance is attributable
to both satellite signals and receiver algorithms. Signals and algorithms that enable fast and reliable acquisition also contribute to energy conservation in battery
powered equipment.
New metrics have been proposed to characterize the acquisition performance of
GNSS signals by quantifying their susceptibility to path loss due to obstructions.
The metrics are independent of receiver design but take eventual network assistance into account. They should allow satellite operators and receiver designers
to compare GNSS signals for their acquisition performance.
Two new methods for GNSS signal design have been introduced, one to obtain
short ranging sequences with good cross-correlation properties irrespective of
the high Doppler frequency shifts that are present in GNSS channels and another
to encode system time into GNSS signal frames for time retrieval from heavily
attenuated signals. The motivation for striving after short ranging sequences is
ease of acquisition. Robust time labeling is needed immediately after acquisition
to allow a receiver to solve its position in the frequently encountered situation
where absolute time is missing and satellite signals are weak. In contrast with
earlier approaches, the proposed ranging sequences address Doppler shifts by
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design and not by blindly increasing sequence length. The novelty of the time
labels is the possibility to exploit processing gain to improve signal to noise ratio.
Two acquisition algorithms have been presented, one to increase the success rate
of parallel search and another to improve the operating characteristics of serial
search. Both operational modes are common in mobile receivers. The former
algorithm constitutes a structural improvement over previous approaches and
has alternative embodiments, some of which have been evaluated in this thesis and shown to significantly increase the probability of signal detection. The
latter algorithm is novel in that it traverses the acquisition uncertainty space in
a dynamically adaptive order as opposed to a static order. It exhibits significant
performance advantages over a reference algorithm for a wide range of parameters. It also offers several operational advantages that result from using Bayesian
probability updates in the collection of signal statistics.
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Abstract: A new approach to sequential acquisition of satellite navigation signals is presented where the
collection of measurement statistics is steered dynamically during the acquisition process. The process consists
of a fixed number of operation cycles during which the state of the receiver is maintained as a vector of
conditional probabilities of acquisition hypotheses, each hypothesis being associated with a code delay and a
Doppler frequency. During each operation cycle, one hypothesis is singled out by applying a suitable policy on
the state vector. The down-converted satellite signal is then despread and frequency shifted according to the
hypothesis. The resulting signal is integrated and squared to form a statistic that is used to update the state
vector according to Bayes’ theorem. After completing the cycles, a decision is made in favour of the
hypothesis corresponding to the highest posterior probability. Two policies are investigated, one based on the
maximisation of one-step posterior probability and the other based on the maximisation of information gain.
Simulation results are presented indicating that the proposed approach provides a significant performance
advantage over standard techniques for a wide range of signal-to-noise ratios.

1

Introduction

Navigation satellites, or global navigation satellite systems
(GNSS) satellites [1], transmit direct sequence spreadspectrum radio signals with low rate data modulation. At
receiver input the signals have a wide Doppler frequency
range because of satellite movement and a low signal-tonoise ratio (SNR) because of propagation losses. To detect
a satellite signal, the receiver must eliminate its Doppler
frequency and align a locally generated replica code to its
spreading code. The Doppler frequency and the timing of
the signal are first coarsely estimated and the estimates then
refined using tracking correlators [2]. The coarse estimation
step is referred to as signal acquisition.
To acquire a satellite signal, a navigation satellite receiver
conducts a search over an uncertainty region in time –
frequency domain. The region is usually discretised into
cells that correspond to time and frequency shifted copies
of the transmitted signal. For each cell the received signal
is down-converted, frequency shifted, correlated with the
replica code and integrated to yield a complex variate that
is then squared to generate a test statistic. If the SNR of
IET Radar Sonar Navig., 2010, Vol. 4, Iss. 1, pp. 49 – 61
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the integration result is insufficient, it may be improved by
making the integration time longer or by combining several
squared integration results additively to generate an
alternative test statistic [3]. The former approach is more
efficient but not always applicable since the integration
time cannot be usefully extended beyond a limit
determined by the data modulation, oscillator instability or
receiver movement.
The size of the uncertainty region can be very large unless
prior information is available about satellite trajectories, time
and user location. Such information is available internally for
a receiver that has recently been tracking satellite signals or
externally for a receiver that has access to acquisition
assistance [4] from a cellular telephone network or some
other information network. While acquisition under full
uncertainty, if possible at all, usually requires a dedicated
processing facility for parallel search, acquisition under
constrained uncertainty, made possible by the prior
information, can be meaningfully accomplished with a low
degree of parallelism or purely sequentially. Our discussion
below is concerned with sequential acquisition in a
situation where the prior information has allowed the size
49
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of the uncertainty region to be reduced to a few tens of cells.
This situation is typical for mobile wireless terminals since they
often have access to acquisition assistance and frequently need
to reacquire satellite signals after short signal outages.
Performance requirements for consumer GNSS receivers
are often given under the assumption of a fixed acquisition
time. This practice was adopted by the mobile telephone
industry in the early 1990s when global positioning system
(GPS) receivers were first integrated into telephones for
emergency call purposes. For such purposes it is desirable
to use an acquisition algorithm with a deterministic
stopping time. In this correspondence we propose an
algorithm with a predefined execution time and, in contrast
with so-called double-dwell strategies, suggest handling
both the initial screening and final validation of acquisition
results inside the same algorithm.
In a basic sequential acquisition scheme, test statistics are
collected cyclically for one time – frequency cell at a time
until a cell is found whose statistics meet some predefined
criteria [5]. We propose an alternative strategy where the
order of collecting test statistics is steered dynamically
during the acquisition process. Our proposal is motivated
by the observation that sequential acquisition can be viewed
as a partially observed Markov decision problem (POMDP)
[6] where the state consists of the conditional probabilities
of all acquisition hypotheses given past measurements [7].
A vector containing as elements the probabilities of the
hypotheses conditioned on earlier measurements thus
represents sufficient statistics for the measurements.
Keeping to this line of thought, the proposed strategy does
not make use of additive combining to improve SNR but
instead achieves an equivalent improvement in the
probability domain.
Monte Carlo simulations, presented as receiver operating
characteristic and detection probability plots, show that the
proposed strategy outperforms a reference strategy over a
wide range of SNR and false alarm rates for an equal
number of coherent integrations.
The remainder of this paper is organised as follows. Section 2
gives an overview of related search theory results. Section 3
describes the channel and receiver models. Section 4
explains the proposed acquisition strategy including two
alternative search policies. Section 5 reports the simulation
results. In Section 6, receiver implementation is discussed.
Some further observations concerning the use of the
proposed strategy are presented in Section 7. Section 8
concludes the paper.

2

Search theory background

Wald [8] uses probability as a state variable in his sequential
probability ratio test for binary hypotheses. His problem
setting is not one of choosing an optimal measurement
sequence but rather one of deciding when enough
50
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information has been collected so that no further
measurements are needed. Baum and Veeravalli [9] provide
a generalisation to multihypothesis testing, but their
discussion is similarly limited to fixed measurement
sequences. Kadane [10] investigates the whereabouts search
problem, a multihypothesis search problem where
measuring a specific location gives a binary result indicating
if an object is present in that location. He assumes that no
false alarms occur, which leads to a considerable
simplification of the problem and allows him to show that
only open-loop strategies have to be considered as
candidates for an optimal search strategy. Unfortunately,
this simplification does not apply to the satellite acquisition
problem where false alarms can occur.
Castañon [11] discusses a more general class of
multihypothesis search problems with a fixed number of
measurements where the measurements are continuous valued
and false alarms are not excluded. He shows that an optimal
search strategy has a closed-loop structure where the search
order is influenced by previous measurements. If the
measurements are symmetrically (e.g. normally) distributed, a
simple index rule can be found for choosing a next
measurement location based on posterior probabilities derived
from accumulated measurement statistics. More specifically,
the optimal strategy in this case is to measure either the most
likely location or the second most likely location. If the
measurement distributions are unsymmetric, no index rule
can be found in the general case. There is therefore no
guarantee for the existence of an index rule-based optimal
strategy for the satellite acquisition problem where the test
statistics have unsymmetric distributions. Castañon shows,
however, that applying the index rule of the symmetric case to
an unsymmetric case often gives close to optimal results. This
represents a remarkable simplification since the general test
sequencing problem is non-deterministic polynomial time
hard (NP-hard) [12] and the optimal solution of a POMDP
in particular is computationally expensive owing to its
continuous valued state vector [6].
We expand the problem setting in [11] by adding, in
likeness to [9, 13], a hypothesis that there is no signal in
the uncertainty region. Assuming that squared integration
results are available as test statistics, we propose two
suboptimal search policies and approximate them with
simple index rules. The policies are based on minimising
one of two alternative uncertainty functions [14], one being
the negative of the largest cell probability and the other
being the Shannon entropy of the cell probability vector.

3

System model

This section presents the models used for the propagation
channel and for the receiver front-end up to coherent
integration stage. The models are basic in that they ignore
multipath, data modulation and off-peak sampling effects
as well as finite precision effects. These simplifications
make the derivations in the next section more tractable.
IET Radar Sonar Navig., 2010, Vol. 4, Iss. 1, pp. 49– 61
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Assuming that the propagation channel is free of
multipath and fading disturbances, a satellite signal at
receiver input can be expressed as [5]

r(t) ¼

pffiffiffiffiffiffiffi
2U C(t)D(t) cos((v0 þ Dv)t þ f0 ) þ n(t)

(1)

where U is the signal power, C(t) is the spreading code
modulation, D(t) is the data modulation, v0 is the carrier
radian frequency, Dv is the radian frequency offset
including Doppler frequency, f0 is the carrier phase and
n(t) is stationary additive white gaussian noise (AWGN)
with two-sided power spectral density N0/2. We make the
assumption that D(t) [ f21, 1g.
In the receiver, the signal is down-converted to baseband,
frequency shifted to eliminate a hypothesised frequency
offset, and correlated with a replica signal suitably timed to
account for a hypothesised delay. A set of complex variates
is then formed by repeated integration over a time interval
chosen such as to preserve the correlation properties of the
spreading code. We assume that the data modulation is
constant during each integration period. Using T to denote
the length of the integration time, k to index the
integration period and j to index the delay-frequency pair,
referred to here as a cell, the in-phase and quad-phase
components of a noise-normalised integration result can be
expressed as (see (2))
where Dvj (k) is a residual frequency offset and fj (k) is a
residual complex phase. The in-phase and quad-phase
noise components are denoted by hI,j (k) and hQ ,j (k),
respectively, and the normalised cross-correlation function
of the received and replica signals for a mutual code delay
tj (k) by R(tj (k)). The equation assumes that the time (Dv/
v0)T is much shorter than a spreading code element so
that changes in element duration due to satellite movement
can be ignored. It is assumed that R(0) ¼ 1 and further
that either no signal is present in the uncertainty region or
that there is a signal present in exactly one cell, and that
Dvj (k) and tj (k) vanish for that cell.
The noise components in (2) have unity mean square value
because of the normalisation. They are assumed to be
mutually uncorrelated except when their indices are
identical. As for the index j, this idealisation is justified by
the fact that GNSS spreading codes are chosen for low
autocorrelation side lobes in the time –frequency domain so
that the local replica signal effectively decorrelates the noise
components.

It is assumed that the integration is followed by squaring to
eliminate the unknown residual complex phase and to
generate a signal statistic for the procedure described in the
next section. The squared magnitude of the noisenormalised complex integration result (2), referred to here
as a measurement, can now be expressed as
yj (k) ¼ (Ij2 (k) þ Q2j (k)) ¼
þ

sffiffiffiffiffiffiffiffiffiffiffiffiffi
!2
U
2 T sin(fj (k)) þ hI, j (k)
N0

sffiffiffiffiffiffiffiffiffiffiffiffiffi
!2
U
2 T cos(fj (k)) þ hQ , j (k)
N0

It follows the central chi-square distribution with two degrees
of freedom and has the probability distribution function
(pdf) [15]


yj (k)
1
f0 (yj (k)) ¼ exp ÿ
2
2

(4)

for no signal in cell j and


yj (k) þ 2s qffiffiffiffiffiffiffiffiffiffiffiffi 
1
I0 2syj (k)
g0 (yj (k)) ¼ exp ÿ
2
2

(5)

for a signal in cell j. In (5), s denotes the post-integration
SNR, s ¼ PT/N0 and I0(.) denotes the modified Bessel
function of the first kind of order zero. The mean value of
the right-hand side (rhs) of (4) is 2 in representation of the
total noise variance of the normalised complex signal.

4

Acquisition strategy

In this section, satellite acquisition is discussed as a multiple
hypothesis testing problem where all prior and accumulated
information about satellites is contained in a vector of
conditional probabilities that represent the current state of
belief in the acquisition hypotheses. After introducing some
further notation, state update equations are given and a
decision rule for acquisition presented. Up to this point,
the discussion is in terms of general measurement
distributions. The key question of choosing new cells for
measurement is then discussed in sub-sections where two
alternative search policies are presented. To derive the
policies, the measurement distributions obtained in the
previous section are invoked.
Let there be N cells in the uncertainty region and consider
signal acquisition as a multiple hypothesis testing problem

8
sffiffiffiffiffiffiffiffiffiffiffiffiffi
>
sin(Dvj (k)T =2)
>
U
>
> Ij (k) ¼
2 T R(tj (k)) sin(fj (k)) þ hI, j (k)
>
<
Dvj (k)T =2
N0
sffiffiffiffiffiffiffiffiffiffiffiffiffi
>
>
sin(Dvj (k)T =2)
U
>
>
2 T R(tj (k)) cos(fj (k)) þ hQ , j (k)
>
: Qj (k) ¼ Dv (k)T =2
N0
j
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(2)
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where Hj , j ¼ 1, . . . , N, stands for the hypothesis that a
signal is present in cell j and H0 for the hypothesis that no
signal is present in the uncertainty region. In accordance
with this notation it is assumed that at most one signal is
present in the uncertainty region.

solely by pj (k). This is possible since sequential acquisition
is a Markov decision problem [6] where the probabilities
pj (k) constitute a state vector [7]. It can be noted from (6)
that the components of p(k) are non-negative and sum to
unity for k ¼ 1, . . . , K.

We assume that the receiver is provided with a vector p(0)
of prior probabilities pj (0), p(0) ¼ fpj (0), j ¼ 0, . . . , Ng, so
that pj (0) is the prior probability that Hj is true, that is, that a
satellite signal is present in cell j. For example, if the receiver
has been tracking a satellite and then lost the signal, there is
an uncertainty about the signal that can be expressed by
including multiple non-zero elements in p(0). The
probabilities pj (0) are assumed to sum to unity in reflection
of the fact that at most one signal is present. It is further
assumed that p0(0) [ [0, 1), p1(0), . . . ,pN(0) [ (0, 1)
and, in the case where N ¼ 1, p0(0) = 0, because the
remaining cases are trivial.

Define a search policy g, g ¼ fgk , k ¼ 0, . . . , K 2 1g, as a
sequence of maps gk: J(k) ! f1, . . . , Ng that determine i(k).
Since, as mentioned earlier, p(k) constitutes sufficient
measurement statistics, the maps gk can be restricted to gk:
p(k) ! f1, . . . , Ng without loss of generality. In other words,
p(k) represents the receiver state for the needs of acquisition.

Assume that the receiver is set to execute K þ 1 steps
indexed by k, k ¼ 0, . . . , K. At step k ¼ 0 one cell is
chosen for measurement by subjecting p(0) to one of the
search policies defined in Sections 4.1 and 4.2 below. The
chosen cell is then measured and the measurement used to
update the receiver state as is explained below. At each of
the steps k ¼ 1, . . . , K 2 1 a new cell is chosen for
measurement based on the receiver state and the state
subsequently updated using the measurement result.
Finally, at step k ¼ K the acquisition result is declared
based on the final value of the receiver state.
Let i(k) denote the cell measured at step k and y(k) the
measurement obtained. Let further J(k) ¼ fp(0), i(l ), y(l ),
l ¼ 0, . . . , k 2 1g designate the information available before
the measurement at step k. The receiver is assumed to have
the necessary processing facilities to make full use of J(k) in
choosing what measurement to take at step k, that is, to
decide i(k). Finally, assume that the measurements y(k) are
independent and identically distributed random variables
with pdf g( y(k)) if a signal is present in the cell measured
and with pdf f ( y(k)) if no signal is present.
Let p(k), p(k) ¼ fpj (k), j ¼ 0, . . . , Ng, denote a vector of
conditional probabilities where pj (k) is the probability of Hj
being true given J(k). It is shown in Appendix that the
posterior probabilities pj (k þ 1) obtain the expressions

where

8
pj (k)f (y(k))
>
>
>
< pj (k þ 1) ¼ p(y(k)ji(k)) ,
pj (k)g(y(k))
>
>
>
,
: pj (k þ 1) ¼
p(y(k)ji(k))

j = i(k)
(6)
j ¼ i(k)

p(y(k)ji(k)) ¼ (1 ÿ pi(k) (k))f (y(k)) þ pi(k) (k)g(y(k))
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j ¼ arg max pl (K )

(8)

l ¼0,...,N

that is, if Hj is the hypothesis with the highest posterior
probability. Fig. 1 illustrates the main steps of the proposed
acquisition process.
In order to find a search policy that provides good receiver
operating
characteristics
(ROC)
with
moderate
computational load we investigate two heuristic policies for
choosing measurements, one motivated by the optimal
index policy for symmetric probability densities suggested
in [11] and the other motivated by information theory.

4.1 Probability maximising search policy
We aim to maximise the expectation
Eg



max pj (K )jp(0)

j¼0,...,N



(9)

of the probability of the acquisition result as defined in (8)
being correct under the assumptions


f (y(k)) ¼ f0 (y(k))
g(y(k)) ¼ g0 (y(k))

(10)

To this end, we use the following policy: at step k, k ¼ 0, . . . ,
K 2 1, measure the cell associated with the second largest
element of p(k) unless this element is p0(k), in which case
measure the cell associated with the largest element of p(k).
To argue that this policy is at least sub-optimal we start
from an observation in [11] that expectation (9) is
maximised or nearly maximised for several measurement
distributions by maximising the one-step expectation

(7)

The measurement history on the rhs of (6) is represented
52

Assume that p(K ) has been obtained by repeated
application of (6) on p(0) and on a sequence of
measurements chosen according to some policy g. We
declare Hj as an acquisition result if

Egk



max pj (k þ 1)jp(k)

j¼0,...,N



(11)
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maximisation in (12) becomes
max S(p(k), i(k), y(k))j

j¼0,...,N

¼ max



pm (k)f (y(k)) pi(k) (k)g(y(k))
,
p(y(k)ji(k))
p(y(k)ji(k))



(13)

if i(k) = m and
max S(p(k), i(k), y(k))j

j¼0,...,N

¼ max



pm (k)g(y(k)) pn (k)f (y(k))
,
p(y(k)ji(k))
p(y(k)ji(k))



(14)

if i(k) ¼ m.
For i(k) = m, (12) can now be expressed as
Ey(k)



max (S(p(k), i(k), y(k))j )

j¼0,...,N






p (k)f (y(k)) pi(k) (k)g(y(k))
,
¼ Ey(k) max m
p(y(k)ji(k))
p(y(k)ji(k))


ð1
p (k)f (y(k)) pi(k) (k)g(y(k))
¼
max m
,
p(y(k)ji(k))
p(y(k)ji(k))
ÿ1
 p(y(k)ji(k))dy(k)
ð1
max [pm (k)f (y(k)), pi(k) (k)g(y(k))] dy(k)
¼

(15)

ÿ1

and, for i(k) ¼ m, similarly as
Figure 1 Main steps of the acquisition process
We next show that the proposed policy results from the
maximisation of (11).
Denote by S( p(k), i(k), y(k)) the transformation defined by
(6) such that p(k þ 1) ¼ S( p(k), i(k), y(k)). We want to
choose i(k) so as to maximise the expectation

Ey(k)



max

j¼0,...,N



S(p(k), i(k), y(k))j



(12)

of the largest element of p(k þ 1). The expectation in (12)
should be taken with respect to the random variable y(k)
conditioned on the search location being i(k) and on the
information summarised in the probability distribution p(k).
Under these conditions y(k) is distributed according to (7).
Assume that pm(k), pn(k) and pr(k) are the largest, second
largest and third largest elements of p(k), respectively.
Observing that the transformation defined by (6) preserves
the mutual order of those elements of p(k) that are not
indexed by i(k), the cell currently being measured, the
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Ey(k)



max (S(p(k), i(k), y(k))j )

j¼0,...,N






p (k)g(y(k)) pn (k)f (y(k))
,
¼ Ey(k) max m
p(y(k)ji(k))
p(y(k)ji(k))
ð1


max pm (k)g(y(k)), pn (k)f (y(k)) dy(k)
¼

(16)

ÿ1

It can be seen that choosing i(k) different from n does not
make the rhs of (15) larger than choosing i(k) ¼ n. This
choice with substitutions (10) results in the rhs of (15) being
larger than the rhs of (16) for at least all practically
important values of s, which can be verified as follows.
We put q ¼ pm(k)/( pm(k) þ pn(k)) and observe that
q [ (1/2, 1). This follows because pm(k) is greater than
pn(k) and because both quantities are positive. In fact, if
pm(k) were zero, p(k) would be a null vector, which
contradicts the earlier observation that its components sum
to unity. If pn(k) were zero, pm(k) would be the only nonzero component of p(k). As can be seen from (6), this is
only possible if pm(0) is the sole non-zero component of
p(0). But it would then have to be unity valued, which
contradicts the assumption that none of the components of
p(0) are unity valued.
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The statement that, given (10), the rhs of (15) with
i(k) ¼ n is larger than the rhs of (16) can now be expressed
in an equivalent form by stating that the integral
ð1
0



The Shannon entropy of the probability vector p(k) is, by
definition:
H (k) ¼ ÿ

max[qf0 (x), (1 ÿ q)g0 (x)] ÿ max[(1 ÿ q)f0 (x), qg0 (x)] dx
(17)

is positive when q [ (1/2, 1) and s [ (0, 1). It can be seen that
the integral vanishes at the boundaries of this area, that is, when
q ¼ 1/2, q ¼ 1, s ¼ 0 or s ¼ 1. We have not been able find a
rigorous proof for its positiveness inside the area. Nevertheless, a
numerical evaluation showed that it is positive on a dense twodimensional grid with q evenly distributed between 1/2 and 1
and s evenly distributed between 0 and 50, the latter range
including all values of practical interest.
Since the rhs of (15) with i(k) ¼ n is greater than the rhs of
(16), the cell associated with the second largest component of
p(k) should be measured at step k because measuring this cell
gives a higher value for (11) than measuring the cell
associated with the highest component or, as shown above,
than measuring any other cell. The case where p0(k) is the
second largest component is an exception, because H0 does
not correspond to any measurement. An examination of
expressions similar to (15) and (16) shows that in this case
either the cell associated with pm(k) or the cell associated
with pr(k) should be measured. To keep matters simple,
our chosen policy is to always measure the cell associated
with pm(k) when p0(k) is the second largest component of
p(k).

Another heuristic suggested for solving search problems is
the maximisation of the information gained or,
equivalently, the entropy lost because of each measurement.
Both Shannon entropy [12 – 14, 16] and Renyi entropy
[17] have been used in earlier work. We elect to use
Shannon entropy and set out to find a simple rule for
choosing a measurement that minimises the expectation of
the Shannon entropy of the receiver state posterior to each
measurement. The rule, which we will justify below, is the
following: at each step, measure the cell i(k) for which
pi(k) is closest to 1/2.

pj (k) log(pj (k))

(18)

j¼0

Using (6), the entropy after measuring cell i(k) can be
written as
H (k þ 1) ¼

N ÿp (k)f (y(k))
X
j

j¼0
j=i(k)

ÿ

p(y(k)ji(k))

log



pj (k)f (y(k))
p(y(k)ji(k))





pi(k) g(y(k))
pi(k) (k)g(y(k))
log
p(y(k)ji(k))
p(y(k)ji(k))

(19)

Remembering that the components of p(k) sum to unity,
(19) can be recast as
H (k þ 1) ¼ log(p(y(k)ji(k)))
"
#
pi(k) (k)g(y(k)) log(pi(k) (k)g(y(k)))
PN
þ j¼0 pj (k)f (y(k)) log(pj (k)f (y(k)))
j=i(k)
ÿ
p(y(k)ji(k))
(20)
The expectation of H(k þ 1) can be taken by multiplying the
rhs of (20) with the prior pdf of y(k), given in (7), and
integrating over the measurement space
H (k þ 1) ¼

4.2 Information gain maximising search
policy

N
X

ð1

ÿ1

p(y(k)ji(k))H (k þ 1)dy

(21)

By inserting (20) into (21), subtracting the result from (18),
applying (7) and using the fact that f (.) and g(.) integrate to
unity, the expectation for the information gain G(k) can now
be expressed as (see (22))
To decide which cell to measure, one could evaluate (22)
for all i(k), i(k) ¼ 1, . . . , N, and choose the value that gives
the largest outcome. However, since the integral in (22) is
impractical to evaluate for the densities f0(.) and g0(.), we

proceed as follows. The first and second derivatives of G(k)
with respect to pi(k) are, respectively (see (23))
and


G(k)
¼ H (k) ÿ H (k þ 1)
)
ð1 (
(1 ÿ pi(k) )f (y) log(f (y)) þ pi(k) g(y) log(g(y)) ÿ [(1 ÿ pi(k) )f (y) þ pi(k) g(y)]
¼
dy
 log[(1 ÿ pi(k) )f (y) þ pi (k)g(y)]
ÿ1

(22)


@G(k)
¼
@pi(k)

(23)

ð1

ÿ1



g(y) log(g(y)) ÿ f (y) log(f (y)) ÿ (g(y) ÿ f (y)) log[(1 ÿ pi(k) )f (y) þ pi(k) g(y)] dy
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@2 G(k)
¼ÿ
@p2i(k)

(g(y) ÿ f (y))2
dy
ÿ1 (1 ÿ pi(k) )f (y) þ pi(k) g(y)

ð1

(24)

The rhs of (24) can be seen to be negative for all pi(k) [ [0, 1]

so that a possible maximum of G(k)
in this range can be found
by setting the rhs of (23) to zero. It is easy to see that (23) has a
zero at pi(k) ¼ 1=2 if the distributions f (.) and g(.) are identical
or if they have disjoint supports. The distributions f0(.) and g0(.)
are identical when s ¼ 0 and their supports become disjoint
when s tends to infinity. Numerical integration shows that
when (10) applies, the zero of the rhs of (23) is close to 1/2
also for the practically important intermediate values of s.
More specifically, when s ranges from 212 to 12 dB the zero
of (23) lies within the range pi(k) [ (0:47, 0:5). We therefore
venture to define the simplified search policy as that of always
measuring the cell i(k) with pi(k) (k) closest to 1/2. Note in
particular that the probability p0(k) should be excluded from
this comparison since it is not associated with any cell that
could be measured.

5

Performance evaluation

In this section, simulation results are presented for the two
variants of the proposed acquisition strategy and for a
reference strategy that represents an upper performance
limit for traditional sequential strategies. Both ROC curves
and detection probability plots are shown for several sets of
parameters. The results indicate that the proposed strategy
offers a 3 dB sensitivity advantage over a wide range of
parameters.
In order to plot the ROC and detection probability curves,
we have to generalise the notions of false alarm and detection
from binary hypothesis testing to multiple hypothesis testing.
We follow [18] by defining ‘system false alarm probability in
a
, as the probability of a detector
the absence of signal’, PFA
indicating signal presence when no signal is present and
‘system detection probability’, PD , as the probability of a
detector recognising a signal and correctly identifying the
cell where it is present. It may be noted that this
generalisation does not make a distinction between the case
where the signal is placed in the wrong cell and the case
where it is not recognised at all.

strategy has uniformly better receiver operating characteristics
than a standard sequential strategy that evaluates the
uncertainty region cell by cell or subset by subset in a
predefined order and stops at the first threshold crossing.
a
To evaluate PFA
and PD for the reference strategy we use
the formulas [19]



b N
a
(b) ¼ 1 ÿ P l ,
PFA
2

(25)

and
PD (b) ¼

1
2

pffiffiffiffiffiffiffi   xN ÿ1
x ðlÿ1Þ=2 ÿðxþ2lsÞ=2
e
Ilÿ1 2lsx P l ,
dx
2ls
2
(26)

ð1
b

where b denotes the detection threshold, l the number of
squared integration results per cell, Il (.) the modified Bessel
function of the first kind of order l and P (.,.) the
incomplete gamma function as defined in [20]. We set
l ¼ K/N to make the total number of squared integration
results equal to that in the proposed sequential strategy.
The integral in (26) does not have a closed-form expression
and we therefore evaluate it numerically.

5.2 ROC
Figs. 2 – 4 show ROC curves for the reference and proposed
strategies for the following choice of parameters: K ¼ 30,
N ¼ 10 and s ¼ 0 dB. In order to see the effect of
unexpected signal strength variations on performance,
ROC curves are also shown for signals that differ by an
amount Ds from the design assumption s ¼ 0 dB. When
plotting these curves, only the signal strength was changed
while no change was made to the receiver model. Figs. 5 – 7

5.1 Reference strategy
As a reference strategy we use additive non-coherent combining
followed by parallel search to establish an upper performance
limit for standard sequential strategies. For each cell an equal
number of squared integration results is summed and the
largest sum compared with a preset threshold. If the sum
exceeds the threshold, a signal is declared present in the
corresponding cell while in the opposite case no signal is
declared present. To compare the proposed strategy with the
reference strategy we set their total number of integration
results equal and use the threshold to adjust the sensitivity of
the reference strategy. It is shown in [18] that this reference
IET Radar Sonar Navig., 2010, Vol. 4, Iss. 1, pp. 49 – 61
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Figure 2 ROC curves for the reference strategy at different
post-integration SNR levels (K ¼ 30, N ¼ 10 and s ¼ 0 dB)
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Figure 3 ROC curves for the probability maximising
strategy at different post-integration SNR levels (K ¼ 30,
N ¼ 10 and s ¼ 0 dB)

Figure 4 ROC curves for the information gain maximising
strategy at different post-integration SNR levels (K ¼ 30,
N ¼ 10 and s ¼ 0 dB)

Figure 5 ROC curves for the reference strategy for different
numbers of cells (K ¼ 100, s ¼ 0 dB and Ds ¼ 0 dB)

Figure 6 ROC curves for the probability maximising
strategy for different numbers of cells (K ¼ 100, s ¼ 0 dB
and Ds ¼ 0 dB)

show ROC curves for several values of N when K ¼ 100,
s ¼ 0 dB and Ds ¼ 0 dB.

Step 5: Repeat steps 3 and 4 one thousand times and calculate
a
the percentage of false alarms to obtain an estimate for PFA
.

The ROC curves for the proposed strategy were obtained
by Monte Carlo simulation with p0(0) as parameter. The
simulation procedure involved the following steps:

Step 6: Fill the search space with complex Gaussian noise and
superimpose a signal in a randomly chosen cell.

Step 1: Set p0(0) to zero.
Step 2: Set p1(0), . . . ,pN(0) to (1 2 p0(0))/N, thus assuming
a uniform prior probability distribution.

Step 7: Execute the strategy and register a possible faultless
detection.
Step 8: Repeat steps 6 and 7 one thousand times and
calculate the percentage of faultless detections to obtain an
estimate for PD .

Step 3: Fill the search space with complex Gaussian noise.
Step 4: Execute the strategy and register a possible false alarm.
56
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Step 9: Plot the estimates obtained in steps 5 and 8 in
a
PFA
ÿ PD coordinates.
IET Radar Sonar Navig., 2010, Vol. 4, Iss. 1, pp. 49– 61
doi: 10.1049/iet-rsn.2009.0037

Authorized licensed use limited to: Nokia. Downloaded on February 7, 2010 at 09:40 from IEEE Xplore. Restrictions apply.

103

www.ietdl.org

Figure 7 ROC curves for the information gain maximising
strategy for different numbers of cells (K ¼ 100, s ¼ 0 dB
and Ds ¼ 0 dB)

Figure 8 Detection probability of the reference strategy
against post-integration SNR for different numbers of
correlation results (N ¼ 10, Ds ¼ 0 dB and PaFA ¼ 5%)

Step 10: Increment p0(0) and repeat steps 2 – 10 until
p0(0) . 1, then terminate.
The ROC curves for the reference strategy were obtained
by numerical evaluation of (25) and (26) using b as parameter.
It is noted from Figs. 2 to 4 that the proposed strategy
provides an SNR advantage of at least 1.5 dB over the
a
values when Ds
reference strategy for the whole range of PFA
ranges from 23 to 3 dB. The advantage exceeds 3 dB for
a
the practically important range 0%  PFA  5%. It can be
seen that a positive Ds improves receiver performance despite
a mismatch between signal and model. This is due to an
improvement of PD that takes place in spite of the mismatch.
The superiority of the proposed strategy over the reference
a
values is also obvious
strategy for the whole range of PFA
from Figs. 5 to 7. It can be seen that if the proposed strategy
is put at a disadvantage by making its uncertainty range two
to three times as large as that of the reference strategy, its
performance still roughly equals that of the reference strategy.
A somewhat unexpected finding is that the performance of
the information gain maximising policy is almost identical to
that of the probability maximising policy, the latter exhibiting
just noticeably weaker performance. It would thus seem
immaterial whether one measures cells with a high prior
success probability or cells with a high prior uncertainty.

5.3 Detection probability
Figs. 8 – 10 show the PD plots of the reference and proposed
strategies against post-integration SNR for N ¼ 10,
a
Ds ¼ 0 dB and PFA
¼ 5%. Plots are shown for values of K
ranging from 20 to 70.
The plots for the proposed strategy were obtained by a
Monte Carlo simulation involving the following steps:
IET Radar Sonar Navig., 2010, Vol. 4, Iss. 1, pp. 49 – 61
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Figure 9 Detection probability of the probability
maximising strategy against post-integration SNR for
different numbers of correlation results (N ¼ 10,
Ds ¼ 0 dB and PaFA ¼ 5%)

Step 1: Set p0(0) to zero.
Step 2: Set p1(0), . . . ,pN(0) to (1 2 p0(0))/N, thus assuming
a uniform prior probability distribution.
Step 3: Fill the search space with complex Gaussian noise.
Step 4: Execute the strategy and register a possible false alarm.
Step 5: Repeat steps 3 and 4 one thousand times and
calculate the percentage of false alarms to obtain an
a
.
estimate for PFA
57
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6

Figure 10 Detection probability of the information gain
maximising strategy against post-integration SNR for
different numbers of correlation results (N ¼ 10,
Ds ¼ 0 dB and PaFA ¼ 5%)
Step 6: If the estimate obtained in step 5 is within the range
5 + 0.5%, continue to step 7. If it is below the range,
decrement p0(0) and repeat steps 2 – 6. If it is above the
range, increment p0(0) and repeat steps 2 – 6.
Step 7: Set s to the lower plotting limit.
Step 8: Fill the search space with complex Gaussian noise and
superimpose a signal in a randomly chosen cell.
Step 9: Execute the strategy and register a possible faultless
detection.
Step 10: Repeat steps 8 and 9 one thousand times and
calculate the percentage of faultless detections to obtain an
estimate for PD .
Step 11: Plot the estimate obtained in step 10 in s 2 PD
coordinates.
Step 12: Increment s. If s exceeds the higher plotting limit,
terminate. Otherwise, repeat steps 8 – 12.
The plots for the reference strategy were obtained by
solving (25) numerically for b and substituting the value so
obtained into (26).
The foregoing observations regarding Figs. 2 – 4 are
echoed by the plots in Figs. 8 – 10 where the 3 dB SNR
advantage of the proposed strategy is clearly visible. The
advantage would not seem to depend significantly on the
number of coherent integration results K. It may also be
noted that approximately equal performance is still
obtained if the proposed strategy is put at a disadvantage
by doubling or tripling the number of integration results
available for the reference strategy.
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Receiver implementation

In this section we analyse the computational load of the
proposed strategy and compare it with that of the reference
strategy. The proposed strategy executes K cycles with
Doppler removal, correlation, integration, squaring, state
updating and linear search. Assuming that M complex
signal samples are taken during each coherent integration
period, the number of multiplications before the
integrations is 6KM. Here, it is assumed that Doppler
removal requires four and correlation two real
multiplications per sample. The complex squaring
operations require a total of 2K multiplications. State
updates are preceded by the evaluation of the
transcendental functions (4) and (5), which is likely to be a
table lookup operation in a practical receiver. As a further
preparatory step for a state update, the constant terms on
the rhs of (6) are calculated, requiring a total of 2K
multiplications and 2K divisions. Finally, the state updates
require a total of KN multiplications. There are thus
(6M þ N þ 4)K multiplications and 2K divisions in total.
The reference strategy requires the same number of
multiplications for Doppler removal, correlation and
squaring as the proposed strategy, but it requires only
additions for state updates. The number of multiplications
is therefore (6M þ 2)K and the number of divisions zero.
For a typical GPS receiver with a sampling rate of 2 MHz
and a coherent integration time of 10 ms, M has the value of
20 000. Since N is assumed not to be higher than 100, it
follows from the preceding formulas that the processing
load of the proposed strategy is not more than 0.01%
higher than that of the reference strategy. It is assumed
here that additions can be ignored and that all
multiplications and divisions can be considered equal.
Admittedly, the latter assumption could be regarded as an
oversimplification since the state updates of the proposed
strategy are likely to require higher numerical precision
than Doppler removal and correlation.
In absolute terms, the load of the proposed strategy is
(N þ 2)K multiplications and 2K divisions per acquisition.
Keeping in mind that the duration of the acquisition
process is KT and assuming that N ¼ 50, K ¼ 100 and
T ¼ 10 ms, the average load evaluates to 5200
multiplications and 200 divisions per second. This load is
not constant, however, since the probability updates only
take place between coherent integration periods. In order
not to introduce unwanted latencies, the instantaneous
processing rate therefore has to be significantly higher than
the average processing rate. Assuming that ten times the
average is sufficient, an instantaneous processing capacity of
52 000 multiplications and 2000 divisions per second is
required. While this is not negligible, it is only a small
fraction of the total processing capacity of a mobile handset
that typically ranges in hundreds of millions of
multiplications per second.
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The foregoing discussion assumes that the number of
coherent integrations is the same for both strategies so that
the performance advantage of the proposed strategy is fully
exploited to improve sensitivity. Another option would be
to exploit the advantage to reduce acquisition time and
computational load while maintaining the sensitivity
unchanged. It was found in Section 5 that the number of
coherent integrations required by the proposed strategy to
provide a given sensitivity is one-third to one-half of the
number required by the reference strategy. This means that
the proposed strategy allows acquisition times and
computational loads to be reduced by a factor of two to
three if sensitivity is kept unchanged.

7

Discussion

The numerical results indicate that the proposed acquisition
strategy is superior to the reference strategy over a wide range
of parameters and, in particular, at low post-integration SNR
levels. The results also indicate that the strategy is insensitive
to errors in the assumed SNR despite the fact that the
mathematical derivation was made for simple hypothesis
testing as opposed to composite hypothesis testing. It
would have been interesting to compare the performance
with a theoretical upper bound but, unfortunately, no
suitable bound was found in the literature.
Probabilities as state and decision variables would seem to
have several desirable properties in comparison with raw
integration results or their non-coherent combinations that
are used in standard acquisition techniques. First, prior
information about cell-specific success probabilities can be
accounted for in the initialisation. The standard techniques,
in contrast, merge prior information into a scalar threshold
that does not make a distinction between cells. Second,
since the probabilities represent sufficient measurement
statistics, there is no need to recall the measurement history
when taking a decision. In standard techniques one has to
consider noise levels, coherent integration times and the
number of correlation results when setting the decision
threshold. This is cumbersome especially if the cells have
different measurement histories, as is the case in dynamical
search strategies. The proposed strategy, being based on
state variables that are commensurable, allows the cells to
have different measurement histories as long as the
prevailing measurement distribution is used in each
probability update. Third, probabilities are dimensionless
quantities and have a fixed range, which is convenient from
implementation point of view.
The time evolution of the probability vector during a
typical simulated acquisition run is shown in Fig. 11 to
illustrate the dynamic behaviour of the state variables. In
this run, the vector components converge to their final
values long before the processing is completed, thus
suggesting potential for time saving. The saving would
seem difficult to achieve in practice, however, since often
an apparent convergence to an erroneous state first occurs
IET Radar Sonar Navig., 2010, Vol. 4, Iss. 1, pp. 49 – 61
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Figure 11 Sample evolution of probability vector in the
probability maximising strategy (vertical range 0 – 1,
signal in cell 1, s ¼ Ds ¼ 0 dB and N ¼ 10)
and an abrupt transition to the correct state only then takes
place. The abruptness of the transition, also visible in
Fig. 11, perhaps results from the fact that only one of the
components of the probability vector is changed in relation
to others at any given probability update. In the initial
phase, when measurements are not focused on any
particular cell, the signal containing cell is measured
infrequently and its corresponding vector component does
not stand out. When this later happens, measurements
become more focused, which gives rise to positive feedback
and leads to rapid convergence.
The proposed acquisition strategy assumes that only one
correlator is available. Two obvious approaches offer
themselves as ways of extending the strategy to the multiple
correlator case and might deserve further evaluation. One
approach would be to partition the uncertainty region into
as many sections as there are correlators and to apply the
single correlator strategy to each of them separately. The
probability vectors so obtained could then be concatenated
and a decision made as explained above. Another approach
would be to have several correlators operate in parallel in
the full uncertainty region by using one of the proposed
policies to allocate new cells to correlators that become
vacant. In this variant both the probability updates and the
decision making could be as proposed above. It may be
noted that the probability update equations (6) are
idempotent so that the order of making probability updates
is immaterial in the case where several integration results
become available simultaneously.
An important topic for further study would be to evaluate
the performance of the proposed strategy in a multipath
environment and in the presence of interference.
Additional insight could be gained if during such an
evaluation the signal models (4) and (5) were varied
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& The Institution of Engineering and Technology 2010

Authorized licensed use limited to: Nokia. Downloaded on February 7, 2010 at 09:40 from IEEE Xplore. Restrictions apply.

Publication 1

106

www.ietdl.org
according to environment. As a further refinement, adaptive
strategies could be considered for this purpose.

[11] CASTAÑON D.A.: ‘Optimal search strategies in dynamic
hypothesis testing’, IEEE Trans. Syst. Man Cybern., 1995,
25, (7), pp. 1130– 1138

8

[12] RUAN S. , TU F., PATTIPATI R. , PATTERSON-HINE A.: ‘On a
multimode test sequencing problem’, IEEE Trans. Syst.
Man Cybern. B, Cybern., 2004, 34, (3), pp. 1490– 1499

Conclusion

A fixed sample size sequential acquisition strategy for GNSS
signals has been proposed where the order of collecting test
statistics is steered dynamically during the acquisition
process. The state of the acquisition process is maintained
as a vector of probabilities and updated each time a new
statistic becomes available. Two policies for collecting the
test statistics have been examined and shown to have
approximate implementations as index rules. Monte Carlo
simulations have been presented that indicate a significant
performance improvement over a reference strategy for a
wide range of parameters.
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10 Appendix: expressions for the
posterior probability pj(k 1 1)
In this appendix we obtain the expressions for pj (k þ 1) in
(6) and (7). Bayes’ theorem states that if A is an event and
if B1 , B2 , . . . , Bn are events that are both exhaustive and
mutually exclusive, then, for any j,
P{Bj }P{AjBj }
P{Bj jA} ¼ Pn
l ¼1 P{Bl }P{AjBl }

(27)

Denote by C the event that the measurement
y(k) [ [x, x þ Dx] for some x, Dx [ <. Since the
hypotheses H0 , H1 , . . . , HN are exhaustive and mutually
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now be written as

exclusive, it follows from (27) that the equation
P{Hj }P{CjHj }
P{Hj jC} ¼ PN
l ¼0 P{Hl }P{CjHl }

(28)

holds for any j, j ¼ 0, . . . , N. The value of the conditional
probability PfCjHjg depends on whether at step k the cell
indexed with j is measured, i(k) ¼ j, or whether some other
cell is measured. In the former case a signal is present in
the cell being measured so that the pdf of the measurement
distribution is g(.). In the latter case there is no signal
present in the cell being measured and the measurement
distribution thus has the pdf f (.). We can therefore write
(

P{CjHj } ¼
P{CjHj } ¼

Ð xþDx

x
Ð xþDx
x

f (u)du,

j = i(k)

g(u)du,

j ¼ i(k)

(29)

Identifying PfHjg with the prior probability pj (k), (28) can

IET Radar Sonar Navig., 2010, Vol. 4, Iss. 1, pp. 49 – 61
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8
Ð xþDx
f (u) du
pj (k) x
>
>
>
3,
> P{Hj jC} ¼ 2
Ð
>
xþDx
>
>
(k)
g(u)
du
p
>
>
4 i(k) P x
5
>
Ð xþDx
>
N
>
þ l ¼0 pl (k) x
f (u) du
<
l =i(k)
Ð xþDx
>
g(u) du
pj (k) x
>
>
>
3,
> P{Hj jC} ¼ 2
Ð
>
xþDx
>
>
p
(k)
g(u)
du
>
>
4 i(k) P x
5
>
Ð xþDx
>
N
:
f (u) du
þ l ¼0 pl (k) x

j = i(k)

j ¼ i(k)

l =i(k)

(30)

Dividing the numerators and denumerators by Dx, noticing
P
that N
pl (k) ¼ (1 ÿ pi(k) (k)), and passing to the limit
l ¼0
l =i(k)

Dx ! 0, (6) and (7) follow by identifying PfHjjCg with
pj (k þ 1) and by putting x ¼ y(k). This concludes the
derivation.
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Abstract

component, and a sinusoidal carrier component. A
PRN code period comprises a number of so-called
chips, the term chips being used to designate the bits
of the code conveyed by the transmitted signal, as
opposed to the bits of the data sequence.
A well known system which is based on the
evaluation of such code modulated signals is GPS
(Global Positioning System) [2]. In GPS, code
modulated signals are transmitted by several satellites
that orbit the earth and received by GPS receivers of
which the current position is to be determined. Each
of the satellites transmits two microwave carrier
signals. One of these carrier signals L1 is employed
for carrying a navigation message and code signals of
a standard positioning service (SPS). The L1 carrier
phase is modulated by each satellite with a different
C/A (Coarse Acquisition) code known at the
receivers. Thus, different channels are obtained for
the transmission by the different satellites. The C/A
code, a direct sequence spread spectrum code, which
is spreading the spectrum over a 1 MHz bandwidth,
is repeated every 1023 chips, the epoch of the code
being 1 ms. The carrier frequency of the L1 signal is
further modulated with the navigation information at
a bit rate of 50 bit/s. The navigation information,
which constitutes a data sequence, can be evaluated
for example for determining the position of the
respective receiver.

A typical operation of GPS receivers assumes a
search of the satellites visible on the sky by
synchronizing locally generated replica with the
transmitted pseudo-random noise (PRN) code
sequence. This synchronization is initially performed
by finding the highest correlation between the
incoming signal and replica, a process known as
“acquisition”. Highest correlation is observed as a
correlator peak response which is compared with a
certain threshold to identify availability and values of
unknown code phase and frequency of a residual
carrier modulation. If the peak is not detected or the
decision is wrong then acquisition stage should be
repeated many times which is quite a time consuming
task. State-of-the-art advanced receivers use massive
correlators which parallelize the acquisition process.
While massive correlators improve significantly the
sensitivity of the receivers, so-called multiple peak
selection approach provides an opportunity to save
computations by sharing tasks between the massive
correlator and validation system [1]. In this paper we
study a performance of two stage correlatior
consisting
of
massive
and
supplementary
implementations. The massive correlator is not
making firm decisions each time it finds a peak, but
provides several possible options (a limited set of
highest peaks) to supplementary system.

INTRODUCTION
For a spread spectrum communication in its basic
form [2], a data sequence is used by a transmitting
unit to modulate a sinusoidal carrier and then the
bandwidth of the resulting signal is spread to a much
larger value. For spreading the bandwidth, the singlefrequency carrier can be multiplied for example by a
high-rate binary pseudorandom noise (PRN) code
sequence comprising values of –1 and 1, which is
known to a receiver. Thus, the signal that is
transmitted includes a data component, a PRN

A typical operation of GPS receivers assumes a
search of the satellites visible on the sky by
synchronizing locally generated replica with the
transmitted pseudo-random noise (PRN) code
sequence. This synchronization is performed by
finding the highest correlation between the incoming
signal and replica known as “acquisition” using
correlators. This may include several stages of
coherent and non-coherent integrations and detection
decisions. Highest correlation is observed as a
correlator peak response which is compared with
certain threshold to identify availability and values of
unknown code phase and a frequency of a residual
carrier modulation. If the peak is not detected or the
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decision is wrong then acquisition stage should be
repeated many times until a suitable peak is found,
which turns out to be a time consuming task. In weak
signal conditions the search space is so big that so
called massive correlator structures are used with
thousands of correlators to accelerate the processing.
There are many new acquisition algorithms
developed to reduce the acquisition time such as the
one presented in [3-5].
The approach presented in this paper is a new
acquisition algorithm which uses massive correlator
structures with different distribution of initial search
and validation tasks [1]. In this work we study the
performance improvements with this kind of
correlator designs.

DESCRIPTION OF THE SUGGESTED
METHOD
The initial acquisition is a two-dimensional search in
code phase and frequency. To meet the real time
processing and weak signal sensitivity requirements
massive correlator banks, capable to check in parallel
hundreds and thousands of options, implement the
acquisition stage of state-of-the-art receivers.
Each correlator searches for the signal assuming
certain signal characteristics (code phase, frequency
of modulation). Its performed by (1) multiplying to a
compensating sinusoid of assumed frequency, (2)
aligning the incoming signal with the replica at given
code-phase, (3) multiplying the samples of the signal
and replica element by element and integrating
(coherent integration). The integration may also
include noncoherent stage. At noncoherent stage the
consecutive coherent integration results of certain
duration are further integrated summing their
absolute or squared values. If the alignment and
frequency modulation guesses are correct then the
correlation results is a bigger response compared with
the case of misalignment. Thus detecting the
correlation peak and comparing it with certain
threshold is the method to find unknown code phase
and frequency of modulation.
In order to reduce the complexity of massive
correlators, it is suggested to have a small correlator
bank in addition to the massive correlator. The idea is
that massive correlator is not making firm decisions
at each operation cycle but provides several possible
options (set of highest peaks). Then these peaks are
validated by the supplementary correlator (software
or hardware) using possibly more sophisticated
algorithms and the massive correlator is assigned to

search another set. The specific time durations are
defined by the operational conditions. This
architecture minimizes the memory usage and
provides an optimal workload for the massive
correlator as it continuously performs a simple set of
tasks.
The rational of this approach is in the fact that a big
fraction of search options can be excluded already
after short integration lengths. Nevertheless the
conventional massive correlator will check all the
options thus performing unnecessarily computations.
The architecture under study stops the processing
stage after the decision can be made for most of the
search options and transfers the task to check
remaining options to a smaller correlator bank. The
massive correlator is then free to check other set of
possible (code phase, frequency) pairs. In addition,
due to structural separation massive and
supplementary correlator banks may use different
algorithms and different integration methods and
lengths. This processing is shown in Fig 1.
The Massive Correlator Bank (MCB) outputs
candidate search options for Supplementary
Correlator Bank (SCB) as pairs ( i , f i ) of code
phase

i

and frequency f i with i used for indexing

multiple peaks. It can also output integration
result, s i , associated with that peak. After receiving
search option parameters from MCB the SCB assigns
a correlator to continue the processing with those
parameters.
There might be different modes when choosing the
number of SCB correlators such as (a) the number of
correlators in SCB is taken big enough to process all
the options outputted by the massive correlator; (b) a
quality is assigned to each search option. If search
option parameters are provided by the MCB and all
the correlators of the SCB are already assigned then
using the qualification grade some of correlators of
SCB may stop checking already assigned search
option and start checking the other.
Similarly different structural embodiments are
possible for SCB depending on parallel processing
and integration algorithms. Couple of approaches
considered is (a) The MCB integration output may
come after coherent integration. In this case it may be
saved and included in the following integration
performed by SCB correlator as shown in Fig 2.
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Figure 1. General structure of the Suggested Method. Supplementary correlator bank continues the work of a
conventional massive correlator bank [1].
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Figure 2. Example of supplementary correlator bank (SCB). Integrate and dump unit may include both coherent and
noncoherent integrations [1].
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Figure 3. Continuing the noncoherent integration from massive correlator bank [1].
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Both coherent and noncoherent accumulation are
included in integrate and dump unit. (b) The MCB
integration output may come from the noncoherent
stage and then included in the noncoherent
integration section of the SCB correlator as
demonstrated in Fig 3.

In this paper we studied the performance of the two
stage correlator. We compared the performance
improvement of the conventional correlator where
only one peak is outputted, checked and if wrong the
whole stage is repeated, where as in the suggested
approach multiple peaks are outputted by the MCB
and the decision is made in SCB. We considered
different cases such as 2, 4, 8 and 12 peaks, and
showed the improvement as the number of peaks
increased. The performance improvement is
illustrated in Fig 4. As can be seen from the figure
the improvement is gradually increasing as the
number of peaks considered increases, which
validates the suggested method.
Conventional i.e, 1 peak
Suggested with 2 peaks
Suggested with 4 peaks
Suggested with 8 peaks
Suggested with 12 peaks
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Figure 5. Performance study of two-stage massive
correlators. It is clearly observed that for any scenario
the performance of using SCB was better than using
MCB alone.

CONCLUSIONS
In this paper we studied the performance of a two
stage correlator in which the massive correlator is not
making firm decisions each time it finds a peak, but
provides several possible options (set of highest
peaks). The advantage of doing so is even if the peak
is not detected once or the decision is wrong then
acquisition stage may not be repeated many times,
rather other peaks can be checked before the whole
acquisition is repeated, which speeds up the
acquisition stage. The performance improvements of
the suggested approach are illustrated which validate
the method.

Performance comparison between Conventional and Suggeted with different peak outputs
1

0.9

Conventional 1x1 coherent and non coherent Integrations
Suggested(12) 1x1 coherent and non coherent Integrations
Conventional 2x2 coherent and non coherent Integrations
Suggested(12) 2x2 coherent and non coherent Integrations
Conventional 10x10 coherent and non coherent Integrations
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Figure 4. Performance comparison between the
conventional and Suggested using different number
of peak outputs.
We also considered a structural approach as
suggested in Fig 2., where we consider different sets
of coherent and noncoherent integration lengths for
both conventional and suggested approach. For
conventional there is only one peak considered
whereas that of the suggested 12 peaks are
considered. Their performance improvements are
illustrated in Fig 5. As seen from the figure it can be
said that for any length of coherent and noncoherent
integrations the performance of the suggested is
superior to that of the conventional approach which
validates the suggested approach.
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search space. Several numerical examples are given to
illustrate the influence that search space size has on
receiver sensitivity. The differences in code length are
found to account for sensitivity differences of up to 10 dB
in theoretical examples and up to 5 dB in practically
motivated examples.
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INTRODUCTION
The satellite signals planned for GPS modernisation and
Galileo are based on spreading codes that are significantly
longer than the 1023 long GPS C/A codes; for example,
the proposed GPS L2C signal consists of a data code of
10,230 elements and a pilot code of 767,250 elements [4].
Another example, the GPS L5 signal, consists of a data
code of 102,300 elements and a pilot code of 204,600
elements [5].

ABSTRACT
Modern GNSS signal design strives for good crosscorrelation and jamming resistance by specifying codes
that are one to three orders of magnitude longer than the
GPS C/A code. The downside of long codes is that they
can be very hard to acquire in indoor areas and other
places where satellite signals are heavily attenuated. The
longest codes, such as the GPS L2C pilot code, may be
infeasible for acquisition with present receiver
technology, even in nominal conditions.

Acquisition is becoming the most computationally
demanding function of the modern consumer GNSS
receiver due to growing sensitivity requirements.
According to mobile telephone standards, a GPS C/A
receiver involved in emergency call processing must
perform satellite acquisition at a signal level of -140 dBm
within a period of a few seconds. Such a low signal level
requires a long integration time, which results in narrow
frequency search bands. Consequently, a large number of
frequency bands have to be scanned for each candidate
code phase. These scans already push the present receiver
capabilities to its limit with the relatively short code
length of the GPS C/A signal; therefore, it is clear that a
good deal of receiver development is required before
some of the longer codes can be acquired under the same
circumstances. Before specifying new receivers, however,
it would be good to understand if the new codes change
the theoretical limits of acquisition performance and, if
so, how.

It would seem natural to expect that the evolution of
receiver technology towards faster parallel processing
would eventually solve all acquisition problems. It should
be realised, however, that limitations in receiver
processing constitute only one part of the problem of
acquiring long codes while another part is related to the
inherent disadvantage of the long codes themselves. This
disadvantage stems from the high false acquisition
probability that is caused by a large number of search bins
being involved in the acquisition process. The loss of
sensitivity related to the false acquisition probability is
referred to here as the combinatorial loss.

To assess the effect of code length on acquisition
performance apart from any receiver specific limitations,
an idealised receiver is assumed where the coherent and
non-coherent processing of all time-frequency search bins
is first completed, after which a decision is made in
favour of the bin with the largest signal value. In order for
the scheme to work, exactly one satellite signal must exist
in the search space, which clearly does not apply to all

Combinatorial loss is analysed here in the context of fully
parallel acquisition. The analytic expression for false
acquisition probability is derived with signal strength,
search space size and the number of non-coherent
processing steps as its parameters. The expression is then
used to derive an approximate closed form functional
relationship for the combinatorial loss and the size of the
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practical situations. Taking a more realistic approach,
most practical acquisition algorithms use thresholds in
their decision process. The simplification achieved by
comparing bins directly with each other is, however, felt
to be justified here as it creates results that are
independent of any threshold setting conventions.

variance parameter = 2/m. The variance parameter is
defined as the variance of each of the 2m additive terms.
The divisor m is required for consistency with the
definition of above. Using the cdf of the central chisquare distribution [2],

The discussion below starts with assumptions on signals
and receiver operation. An analytic expression for false
acquisition probability is then derived using signal
strength and the number of search bins and non-coherent
processing cycles as parameters. The expression has one
definite integral with two transcendental terms. It is
further manipulated into the approximate closed form
expression by relating the number of search bins to the
signal strength at a 50% false acquisition probability. This
result is then interpreted as a functional relationship
between receiver sensitivity and the size of search space.
In the last section, plots are provided to illustrate the
analytic results, which turn out to be numerically well
behaved for a wide range of parameters. The validity of
the approximate expression for receiver sensitivity is also
demonstrated numerically, after which the conclusions
reached are presented.
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SIGNAL AND RECEIVER ASSUMPTIONS

(3)

using the incomplete Gamma function defined as [1]

A GNSS parallel acquisition scheme is assumed to divide
the search space into N uncorrelated search bins so that N
is the number of frequency intervals multiplied by the
number of time intervals included in the search. It is
further assumed that the bins are uncorrelated and that the
bin containing the satellite signal is sampled at its
midpoint so that off-peak losses can be ignored.
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The amplitude of the signal bin is a non-central chi-square
distributed variable with 2m degrees of freedom, a
variance parameter = 2/m, and a sum of squared signal

The signal processing chain is assumed to include downconversion to a complex base-band signal, coherent
integration, squaring, and non-coherent summing. The
total reception period is denoted by T and the number of
coherent integration periods by m. The base-band signal is
assumed to contain AWGN noise at such a power level
that the noise variance at both integrator outputs after a T
second integration period would be 2. The signal
amplitude received is assumed to be such that the signal
energy, i.e. the sum of the squared signal amplitudes,
would be E at the integrator outputs after a coherent
integration period T.
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where is the variance parameter and s2 is the sum of
squared signal components, the pdf of the signal bin can
be expressed as

If R denotes the ratio of signal power to one-sided noise
power spectral density (N0 in the case of thermal noise) at
the receiver base-band input, the equation E/ 2 = 2RT
applies.
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PROBABILITY OF FALSE ACQUISITION
where In(x) is the modified Bessel function of the first
kind. The mean value of the distribution (5) is n 2+s2 [2],

The amplitude of a noise bin is a central chi-square
distributed variable with 2m degrees of freedom and a
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from which it follows that the mean value of the
distribution (6) is 2 2+E/m.

1

A false acquisition occurs whenever the amplitude of at
least one of the N-1 noise bins exceeds the amplitude of
the signal bin. Its probability Pfa can be expressed through
its logical complement as:

Pn(x)(N-1)
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By substituting (3) and (6) into (7), the false acquisition
probability can be written as:
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Figure 1. P0(m,u/2)(N-1) for 2/m = 1, m = 50 and
N = 101…1012 (from left to right).
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Figure 2. p1(x) for 2/m = 1, m = 50 for E/m = 1, 10, 20,
30, 40, 50, 60, 70, 80, 90, 100, 110, 120, 130, 140 (from
left to right).
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du .

(10)

The midpoint of the step of P0(x)(N-1) is obviously close to
its inflection point, where

COMBINATORIAL LOSS

d2

The term P(m,mx/2 2)(N-1) in the integrand of (8)
corresponds to P0(x)(N-1) in (7) and represents the cdf of
the maximum of the N-1 noise bins. It has been plotted in
Fig. 1 for m = 50 and for several values of N. The rest of
the integrand represents the p1(x), the pdf of the signal
bin. It has been plotted in Fig. 2 for several values of E.
The step function shape of the cdf and the relatively
symmetric shape of the pdf would suggest that a 50%
false acquisition probability is approximately achieved
when the midpoint of the step of the cdf coincides with
the mean of the pdf.

dx 2
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P0 2 x !
.
P0 x !
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If N is large, P0(x) is very close to unity at the inflection
point of P0(x)(N-1). It therefore follows from (2) and (12)
that
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Equating x in (13) with E/m + 2 2, the mean of the
distribution of the signal bin as defined by (6), gives
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NUMERICAL RESULTS

Using the Stirling approximation
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2( % m "
#
n $e!

It is assumed in the examples below that the total signal
reception time T is one second, which makes the
probability of false acquisition a function of R and m
only.

n

(15)

Figure 3 shows the probability of false acquisition as a
function of R according to (8) for several values of N
when m = 1. Figure 4 is otherwise similar except that
m = 50. The integral in (8) was evaluated numerically.

for the gamma function, (14) can be written as
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An equivalent expression would be
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Associated with an expansion of search space, there is
thus a reduction of acquisition sensitivity that is equal to
the change of the double logarithm of the number of
search bins when the sensitivity is expressed on the
logarithmic scale.
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0.5
0.4
0.3
0.2

The signal to noise ratio required to maintain false
acquisition probability at a level of 50% is thus
determined entirely by the size of the search space and the
number of non-coherent integration steps.

0.1
0

.

1
(ln N 1! 1)
T

.

(18)

(19)

For a large N, it follows that the difference on the
logarithmic scale between two values of E can be written
as a function of the corresponding values of N as
ln E2 ! ln E1 ! ! ln ln N 2 !! ln ln N1
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15

20

Figure 3. Pfa as a function of R for m = 1, T = 1 s, and
N = 101…1012 (from left to right).

Equivalently,
R!

10

R [dB-Hz]

For m = 1, (14) can be solved for E:
E ! 2 2 (ln N 1! 1)

5

(20)
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Table 1. The GNSS parameters used in Figure 6.
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0
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Figure 4. Pfa as a function of R for m = 50, T = 1 s, and
N = 101…1012 (from left to right).
The width of a frequency bin is roughly two thirds of the
inverse of the coherent integration time [3] so that the
number of frequency bands to be searched is 1.5 x BT/m,
where B is the total frequency search range. The search
space size N thus depends on m since it is the product of
code length and the number of frequency bands. Figure 5
shows Pfa plots for six pairs of m and N that are related
through
this
dependency
so
that
N = 1.5 x 1,023 x 12,000/m. It is assumed that the code
length is 1,023 and B is 12 kHz.

Chip
rate
103/s
511.5

Doppler
bands

m
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Figure 6. Pfa associated with GPS L2C pilot, Galileo L1
pilot, Galileo E5A pilot, GPS L1 C/A, GPS L5 pilot and
Galileo L1 data signals (from left to right).
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Table 2 shows a comparison of the values of R obtained
from the approximate expressions (17) and (19) with
those obtained by solving the accurate expression (10)
numerically for Pfa = 50% when T = 1 s. With these
choices, (10), (17) and (19) simplify to

20

R [dB-Hz]

Figure 5. Pfa for m = 1, 2, 5, 10, 20, 50, 100 (from left to
right) and N = 1.5 x 1023 x 12,000/m.

Pfa +

Figure 6 shows five Pfa plots that were motivated by six
existing or proposed signal standards. The parameter
assumptions are listed in table 1. It was additionally
assumed in all cases that T = 1 s and B = 12,000 Hz. Since
the L2C pilot signal is time multiplexed with data and
thus has a duty cycle of 50%, the assumed one-second
reception time corresponds to two seconds in real time.
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In the examples motivated by existing and proposed
GNSS standards, sensitivity differences of between one
and five decibels were found.

and
R ! ln N 1! 1 .

(24)
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1995.
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It actually turns out that, for the case m = 1, the
approximation
R

ln N !

(25)

is more accurate than (24).
CONCLUSIONS
The dependence of the sensitivity of an ideal parallel
acquisition GNSS receiver on satellite signal code length
was analyzed by deriving an analytic expression for false
acquisition probability. The expression was used to find
an approximate functional relationship between the search
space size and acquisition sensitivity for a constant false
acquisition probability. In the case of a single coherent
integration, the relationship was simplified to a logarithm
function.
The false acquisition probability was plotted for several
parameter combinations using the signal power to noise
density ratio as an independent variable. The approximate
functional relationship between search space size and
acquisition sensitivity was tabulated and compared with
values obtained from the accurate expression. A
reasonably good match was found over ten orders of
magnitude of search space size.
Numerical examples were analyzed where the differences
in the size of the search space were found to account for
differences in sensitivity of up to 10 dB. The differences
were dependent on the specified false acquisition
probability and on the number of non-coherent additions.
ION GNSS 18th International Technical Meeting of the
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895

PUBLICATION 4
S. Turunen, “Network assistance - what will new GNSS signals bring to it?”
Inside GNSS, vol. 2, no. 3, pp. 35–41, Spring 2007.
Copyright 2007 Inside GNSS. Reprinted with permission.

124

Publication 4

125

Japskng
=ooeop]j_a
Sd]pSehhJasCJOO
Oecj]ho>nejcpkEp;

C

=hhCJOOoecj]ho]najkp_na]pa`amq]h(]j`_kjoamqajphupdaenlanbkni]j_a
qj`an`ebbanajpgej`okbklan]pejcajrenkjiajpo]j`qoejc`ebbanajpoecj]h)
lnk_aooejcpa_djemqaosehhr]nu*N]le`hucnksejcCJOO_kjoqiani]ngapo
]naoaaejc]jej_na]oaejCJOOna_aeranopd]patlhkep]ooeop]j_aejbkni]pekj
lnkre`a`^usenahaoo_kiiqje_]pekjojapskngopkeilnkralanbkni]j_aej
_d]hhajcejcajrenkjiajpoej_epeao]j`ej`kkno*Pdeo]npe_ha^u]Jkge]oajekn
pa_djkhkceopp]gao]hkkg]pdkspdai]jujasCJOOoecj]ho_kiejckjheja
iecdp^aatla_pa`pklanbkniej]ooeopa`CJOO]j`]qpkjkikqoik`ao*

lobally GNSS markets are experiencing a sharp growth in sales
of consumer products and services. Among these is a cluster
of applications known collectively as
location based services (LBS), a rapidly
evolving field of wireless data services
that provide users of mobile terminals
with information about their surroundings. As a typical example, travellers
can receive directional assistance using
downloaded digital maps on which
graphical symbols indicate points of
interest.
Almost invariably, location based
services are delivered using mobile
handsets and cellular telephone networks and, ever more often, satellite
positioning. Although many LBS appli-
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cations take place outdoors with unobstructed radiovisibility to GNSS satellites, most will also be used in urban
areas and indoors where GNSS signal
reception is more problematical. Emergency call positioning is an example of
a service that must work both indoors
as well as outdoors. However, low-power
spread spectrum GNSS satellite signals
suffer heavy attenuation in penetrating
structures and obstacles.
Due to a strong inverse dependency
of dwell time on signal power, traditional sequential-search GNSS receivers have
difficulty in acquiring satellite signals if
obstructions exist in the signal path.
Consequently, assistance techniques
that use the wireless communications
infrastructure to improve signal acquisiOL NEJC.,,3

tion speed and sensitivity are becoming
ever more common, and the industry
is currently perfecting receiver designs
and deploying new network services to
exploit these techniques’ potential to
the full. Moreover, new cellular standards now include stringent sensitivity
requirements and test specifications to
ensure that the GNSS receivers integrated in mobile phones operate properly
under weak signal conditions.
The design of consumer GNSS receivers is still mainly focused on GPS C/Acode reception; however, GNSS providers
are envisaging signals with new coding
and modulation schemes. These include
the new GPS civil signal that transmits
on the L2 frequency as well as the new
signals that the European Galileo system
Ejoe`aCJOO
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now under development will transmit.
Because of differences in such variables
as frequency allocation, transmission
power, and signal structure, these new
signals and receiver designs options
present a range of possibilities for their
practical performance in autonomous
and assisted modes.
As is typical of most air interface
standards, the related interface control
documents (ICDs) focus on the technical
specifications of the signals in space and
avoid discussing receiver operation and
performance. Supplementary analysis is
therefore needed in order to set realistic
performance targets for future receivers
and make informed choices as to which
GNSS signals might offer optimal performance.
This article analyzes the expected
performance of GPS and Galileo signals in assisted and unassisted modes. It
begins with a discussion of state-of-theart receiver design and signal processing
techniques, discusses the assisted GNSS
(A-GNSS) mode, and key features of the
various GNSS signals.
The article then introduces a numerical scheme for evaluating the theoretical and practical performance of these
signals in both assisted and unassisted
modes. A key metric introduced in this
methodology, attenuation margin, represents the maximum acceptable power
loss in a GNSS signal path. The article
concludes by assessing the relative performance of GNSS signals in assisted
and unassisted mode in terms of the
attenuation margin.

CJOOOecj]hLnk_aooejc
Typically, GNSS receivers require a
reception time of one second or longer
in order to detect heavily attenuated
GNSS signals, particularly when oscillator instability, signal modulation, or
receiver movement preclude the use of
long coherent integration times. Under
such conditions a serial signal search
would proceed extremely slowly, especially when the receiver lacks prior
information about code phases or Doppler shifts. As a result, GNSS receivers
are ever more often equipped with efficient means of parallel acquisition that
/2
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40
allow the processing
of the signal search
30
space to be done in
a small number of
steps or, ideally, in
20
just one step.
A typical par10
a l lel acqu isit ion
processor consists
0
20
of a matched filter10
bank for code phase
60
0 0
40
20
search and a digital
Fourier transformT
er for frequency
m
m
RF/BB
 Ii2 + Qi2
X
X
domain search. A
 dt
t=1
t=0
recent trend is to
Code
Doppler
use software-based
f=f0+k1*f t=k2*t0
acquisition and to
perform matched BECQNA- Na_aeranopnq_pqnabknl]n]hhah]_mqeoepekj]j`oecj]hlnk_aooejc
filtering in the frequency domain, which is computationfunctionally equivalent to that shown in
ally efficient. The frequency domain
Figure 1.
processing is typically carried out using
Numerous studies have been pubdata previously sampled into memory,
lished about sequential acquisition stratand the required transforms between
egies that allocate the same processing
the time and frequency domains are
hardware on different search bins at difperformed with a fast Fourier transform
ferent instants of time. Sometimes the
(FFT).
hardware is allocated repeatedly on the
The processing of one time/frequensame bin, a procedure called multiple
cy bin is shown conceptually inBecqna-.
dwelling. Sequential strategies implicitly
assume that acquisition performance is
A stream of complex baseband samples
limited by receiver processing capacity.
from the receiver RF section is multiThe rapid evolution of digital hardware
plied with a locally generated replica sigis, however, making this assumption less
nal to eliminate Doppler shift and rangrelevant. In fact, commercial receivers
ing code, leaving a complex DC signal.
already contain real-time acquisition
The signal is then integrated coherently,
processors that handle tens of thousands
squared, and added to a memory locaof delay-frequency bins in parallel.
tion dedicated to a specific combination
As more processing capacity becomes
of Doppler shift and code delay.
available, the properties of the satellite
This sequence of operations, constisignals and the statistics of the parallel
tuting one noncoherent processing step,
acquisition process itself begin to limit
is performed once or several times for
receiver performance. This raises the
each combination. Finally, some deciinteresting prospect of determining the
sion strategy is applied to the results to
physical limits of acquisition sensitivdecide whether or not a satellite signal is
ity when processing restrictions are left
present and what its parameters are. Any
aside entirely. It turns out that the senknown data modulated on the signal can
sitivity then becomes dependent on the
also be eliminated.
dimension of the search space, which, in
The different eliminations are linturn, depends on the ranging code and
ear so that their order of execution can
on the availability of acquisition assisbe changed without affecting the end
tance.
result, which can be used to optimize
receiver implementation. A wide range
=ooeopa`CJOO* We can reduce the
of experimental and commercial implesearch space and make signal acquisition
mentations has been introduced that are
easier by externally providing direct or
OL NEJC.,,3
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L5 [IS-GPS-705] signals, nor in the GaliAGNSS functionality is included
ranging codes in comparison with the
leo specifications [GAL OS SIS ICD] for
in mobile telephone standards but not
present GPS C/A-code signal and, thus,
the E1, E5, and E6 signals. Instead, all
yet implemented in all commercial netdo not support easy acquisition.
signal components in both systems have
works. Currently only the GPS L1 C/A
Ranging codes inf luence signal
relatively long ranging codes, and many
signal is covered in the standards but
acquisition mainly through their length,
of them also have high bit rates. Consework is going on to extend the coverage
especially if their correlation properties
quently, their bit energies are lower and
to other satellite signals (see the citation,
are so good that interference from the
search spaces wider than those of the
J. Syrjärinne and L. Wirola, referenced
signals themselves is insignificant in
GPS L1 C/A signal and their acquisition,
in the Additional Resources section at
comparison with the noise component.
therefore, more difficult.
the end of this article).
This influence is twofold. First, a direct
The new GPS and Galileo specificaThe reference time and reference frelinear dependency exists between the
tions introduce pilot signals as a new
quency could, in principle, be obtained
search space dimension and the code
feature. The specifications do not clearfrom a local crystal oscillator, but preslength. Secondly, the code length may
ly indicate whether the pilots should be
ent consumer-grade oscillators are too
force the receiver to use an otherwise
used for tracking, acquisition, or both.
prone to temperature drift and other
unnecessarily long integration time,
The new signals have long ranging
instabilities to maintain the required
thereby narrowing its bandwidth and
codes, which makes their use for unasaccuracy. Fortunately, cellular base
increasing the number of frequency
sisted acquisition more difficult. On the
stations have high-quality oscillators
search bands.
other hand, their lack of data modulaand can provide frequency and time
The code length may restrict the
tion permits coherent integration over
references that are accurate enough for
choice of integration time if integramultiple bit periods, which yields high
Doppler shift estimation. However, the
tion over a non-integer multiple of code
processing gain and potentially high
accuracy of absolute time is not always
cycles would undermine the correlareceiver sensitivity. However, the actual
good enough for code phase estimation properties of the code. Short codes
achievement of higher sensitivity is not
tion because the components needed to
should present no problem because
immediately evident because the associsynchronize the cellular network to the
the integration is, in any case, likely to
ated search space is large and could give
GNSS system time are often missing.
extend over several code cycles, removrise to a high false alarm rate that negates
ing the need to integrate over fractional
the effect of the processing gain.
cycles. Moreover, very long codes may
JasCJOOOecj]ho
The dimension of acquisition search
allow termination of the integration
A GNSS signal with ample power and
space is a product of four factors: length
phase without needing to complete a full
short ranging code can be reliably detectof ranging code, number of frequency
code cycle in order to achieve an accepted after a reasonably short integration
search bands, time domain oversamable correlation performance.
period. Short integration requirements
pling ratio, and frequency domain
The original GPS specification dedioffer the additional benefit of yielding
oversampling ratio. The number of frecated the short C/A code to acquisition
wide frequency-uncertainty bands so
quency search bands is proportional to
and the longer P(Y) code to tracking. No
that the receiver does not have an excesthe coherent integration time because
similar distinction is made in the GPS
sive number of frequency hypotheses to
the latter is inversely proportional to
interface specifications for the new L1C
test. Unfortunately, the planned new
receiver bandwidth.
[IS-GPS-800], L2C [IS-GPS-200C], and
GNSS signals have low power and long
sss*ejoe`acjoo*_ki
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The usable coherent integration time of a data signal with
unknown content is limited to its symbol length while a pilot
signal can, in principle, be integrated indefinitely. In practice,
however, coherent integration time is limited to one second or
less due to oscillator instability and user movement.
P]^ha- shows the code length, symbol length, code rate, and
data rate of some freely accessible present and future GNSS
signals along with their method of chip encoding and multiplexing. The code lengths of concatenated codes are expressed
as the product of the lengths of their constituent codes. Note
that the range of code lengths in the table is almost three orders
of magnitude.

Jkeoa>ejo]j`L]n]hhah=_mqeoepekj
Useful insight into parallel acquisition can be gained by examining the statistics of noise bins in the signal search space. As
is well known, the sum of squares of m independent, complex,
zero-mean Gaussian random variables of the same variance is
non-centrally chi-square distributed with 2m degrees of freedom. This is the case with the noise bins when there are m
coherent integrations and the receiver input is white noise.
Assume that the noise power and the total reception time
are such that the noise variance at both outputs of the complex
integrator, when m is taken to be one, is equal to σ2. In that
case, the cumulative distribution function (CDF) of a noise
bin, when m is arbitrary, is

The expression on the right-hand side is the incomplete
Gamma function (discussed in the reference by M. Abramowitz
and I. A. Stegun (ed.) cited in Additional Resources), which can
be directly evaluated with common numerical software packages. The mean value of the distribution is 2σ2 which, as could
be expected, does not depend on m since it represents the total
received energy. The standard deviation (STD), in contrast,
depends on m according to the expression
.
Parallel acquisition depends on a comparison between the
strongest noise bin and the signal bin, and the relevant probability distribution is therefore not that of an individual noise
bin but that of the maximum of all noise bins. The CDF of the
latter distribution is obtained by raising the CDF of the former
distribution to the power of n — n being the total number of
noise bins.
Extreme value theory proves that the CDF Fn of the limiting distribution of the maximum of n independent and identically distributed random variables with CDF F, when n tends to
infinity, has one of three possible functional forms depending
on the tail of the parent distribution F (see the text by E. J.
Gumbel in Additional Resources for further discussion of this
point). For the chi-square distribution and other distributions
with an exponentially decreasing tail, the limiting distribution
has the double exponential form

/4
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where the coefficients un and αn are defined by the equations
and

The distribution (2) has the mean value

and the standard deviation

where γ is the Euler constant with the approximate value of
0.5772.
When only one coherent integration step is involved, (1) can
be directly substituted into (3) and (4) to yield

and

Using these values in (5) and (6) gives

and

From (9) and (10), then, we can see that the expected value of
the maximum of the chi-square distributed noise bins depends
logarithmically on n, while the standard deviation of the maximum is constant. Broadly speaking, the graph of the probability density function (PDF) of the noise maximum retains its
shape but shifts horizontally when the size of the search space
is changed. This means that signal detection thresholds have to
be shifted accordingly in order for error probabilities to remain
constant, and a larger search space thus implies lower acquisition sensitivity.
In particular, when there is only one coherent integration
step, the signal power required to maintain a constant failure
rate is inversely proportional to the logarithm of the search
space dimension. In an earlier article in Coordinates magazine, January 2007, the author discussed the case in which m
is a small integer different from unity and showed that the
mean value of the distribution (2) then also has an essentially
logarithmic dependency on n and a nearly constant standard
deviation.
Borio et al (see Additional Resources) propose the use of socalled system probabilities to characterize parallel acquisition
receivers. System false alarm probability in the absence of signal
is defined as the probability of at least one noise bin in a search
space of dimension n exceeding a given detection threshold q.
It can be expressed in terms of the false alarm probability Pfa
of a single time/frequency search cell as

OL NEJC.,,3
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When the total reception time T is one second, it follows
from the identity
or in terms of the noise bin CDF F as

System detection probability, which takes into consideration
multiple search bins, is defined as the probability of the signal
bin value exceeding both q and all noise bin values. It can be
expressed as

where fA(x) is the PDF of the signal bin. In the case of complex
Gaussian noise and m coherent integrations the signal bin follows the non-central chi-square distribution and has the PDF

where σ is the noise STD defined earlier, Ik(x) is the modified
Bessel function of the first kind of order k, and E is the squarer
output in the absence of noise when m is taken to be one. This
point is discussed further in the ION article by this author cited
in Additional Resources.
Substituting (1) and (14) into (13) and changing the integration variable to u = mx/σ2 gives the system detection probability

sss*ejoe`acjoo*_ki

where FN is the receiver noise factor, that E/(σ2) in (15) can be
interpreted as twice the ratio of signal power P to noise spectral density at receiver baseband input, a quantity customarily
measured on a dB-Hz scale.

CJOOOecj]hLanbkni]j_a
The system detection probabilities for the satellite signals of
Table 1 are plotted against the normalized signal energy E/(2σ2)
in Becqna. (no acquisition assistance) and Becqna/ (assisted
acquisition). The detection threshold q is chosen so that the system false alarm probability as evaluated from (12) and (1) is one
percent. The total reception time is taken to be one second.
No acquisition assistance is assumed in Figure 2 so that the
search space consists of all code phases and a full frequency
uncertainty range, which is taken to be 10 kHz. Acquisition
assistance with a time uncertainty of 10 microseconds and a
frequency uncertainty of 100 Hz is assumed to be available in
Figure 3.
For comparison, the single-cell detection probability Pd is
plotted in Becqna0 using equations (1), (12) and (15) and setting
n = 1 and Pfa = 0.01. The numerical evaluation of the equations
was done using Matlab standard functions with the exception that the Bessel function, which obtains very large values,
was approximated in logarithmic form using a power series
described in the previously referenced Abramowitz handbook.
P]^ha. gives the receive parameters for Figures 2 and 3.
The receiver is assumed to be capable of a one-second coher-
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ent integration so that the pilot signals
can be processed in a single integration
step. The coherent integration time for
the data signals is taken to be one bit
period. For the BPSK and AltBOC(15,10)
modulated signals, one delay bin is
assigned for each code element while
for the BOC(1,1) modulated signals two
bins are assigned.
0,

Ejoe`aCJOO

The number of frequency search
bands is calculated from the formula
where B is the frequency uncertainty
range. The formula assumes that the
width of a frequency search band is two
thirds of the inverse coherent integration
time. The total number n of search bins
is obtained by multiplying the number of
OL NEJC.,,3

delay bins with the number of frequency
search bands. Note that the value of n is
high, on the order of 109, for the unassisted acquisition of pilot signals, but
only 15,000 or below when assistance is
available.
Table 2 lists the values of E/(2σ2)
required to achieve a system detection probability of 0.99 (PD = 0.99). The
table also gives the attenuation margin
between the nominal satellite signal
power and the required signal power
as calculated from (16) when the total
implementation loss is 4 dB. The loss
is assumed to cover receiver front-end
noise, digital processing noise, losses
from off-peak sampling, and losses from
integrating across bit boundaries.
The nominal satellite signal powers
are as specified in the respective ICDs
and divided between pilot and data signals as implied by the documents. To
account for the constant envelope corrections of the AltBOC(10,15) modulation scheme, 0.69 dB is subtracted from
the total power of the Galileo E5 signal.
The L1C pilot signal is assumed to
have a high frequency time-multiplexed
BOC (TMBOC) signal component that
is filtered away, leading to a reduction of
power by 4/33. The Galileo E1 data and
pilot signals are assumed to have a composite BOC (CBOC) signal component
that is likewise filtered away, leading to
a reduction of power by 1/11.
The plots show that the unassisted
receiver of Figure 2 is significantly less
sensitive than the hypothetical singlecell receiver of Figure 4, which is obviously due to the larger search space of
the former. For PD = 0.99 the difference,
averaged over all satellite signals, is 4
dB.
The difference in attenuation margins
becomes higher the smaller the number
of coherent integrations is, as can be seen
by comparing the E/(2σ2) values given
in Table 2. This can be understood by
remembering that a smaller number of
coherent integrations results in a larger
number of frequency uncertainty bands
and, therefore, in a larger search space.
Comparison of Figures 2 and 3
shows that the assisted receiver is more
sensitive than the unassisted one. For PD
sss*ejoe`acjoo*_ki
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from reduction in search space, a total
average sensitivity improvement of 7
dB could therefore be achieved by using
assistance in the acquisition of the new
GNSS signals.
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= 0.99 the difference, averaged over all
satellite signals, is 2 dB. For individual
satellite signals the difference can be
found by comparing the E/(2σ2) values
in Table 2.
The attenuation margins given in
Table 2 represent the maximum acceptable loss in signal path. The table reveals
that the GPS L1 C/A signal, despite
having higher power, has a lower margin than most of the pilot signals. The
reason is obviously the shorter coherent
integration time of the L1 C/A signal.
The differences between the pilot
signals are fairly small and mainly due
to different transmission powers. For
example, the GPS L5 pilot has a 1.5 dB
higher attenuation margin in unassisted
mode than the GPS L1C pilot, which is
hardly a sufficient reason to convert a
receiver to a new band. As can be seen
from the table, however, there is the
additional motivation that the size of
the search space of the L5 receiver is
less than one hundredth of that of the
L1C receiver.

?kj_hqoekj
This article highlights the importance
of GNSS acquisition sensitivity for location based services in view of regulations
and user expectations. Parallel receiver
architectures and terrestrially available
sss*ejoe`acjoo*_ki

assistance were mentioned as means of
improving acquisition performance.
Extreme value theory was used to gain
an insight into the distribution of signals
in large search spaces typical of parallel acquisition receivers. The discussion showed that acquisition sensitivity
depends approximately on the inverse of
the logarithm of the search space dimension.
An analytic expression was derived
for system detection probability and
used to assess receiver performance in
the assisted and unassisted acquisition
of several GPS and Galileo signals. The
results indicate that while the achievable
acquisition sensitivity depends mainly
on the length of coherent integration, it is
also negatively influenced by the dimension of the search space. The average sensitivity loss attributable to the dimension
was 4 dB in unassisted acquisition and
2 dB in assisted acquisition so that an
average sensitivity improvement of 2 dB
can be attributed to the assistance.
Pilot signals could be acquired at a
level 5 dB lower than the corresponding data signals both in the assisted and
unassisted cases. However, use of pilots
is only practical when assistance is available due to the otherwise extremely high
volume of the search space. Taking into
consideration the 2 dB improvement
OL NEJC.,,3

=^n]iksepv(I*(]j`E*=*Opacqj$a`*%(ÎD]j`^kkg
kbi]pdai]pe_]hbqj_pekjo(Ï@kranLq^he_]pekjo(
-53,*
>knek(@*(]j`H*?]ikne]jk]j`H*HkLnaope(
ÎEil]_pkbpda=_mqeoepekjOa]n_dejcOpn]pacukj
pda@apa_pekj]j`B]hoa=h]niLnk^]^ehepeaoej]
?@I=Na_aeran(ÏEAAA+EKJLH=JO.,,2(=lneh.1)
.3(.,,2(O]j@eack(?]hebknje]*
C=HKOOEOE?@+@*,(C]hehakKlajOanre_aOec)
j]hEjOl]_a?kjpnkh@k_qiajp(@n]bp,(AO=+CFQ(
I]u1(.,,2*
Cqi^ah(A*F*(Op]peope_okbAtpnaiao(@kran
lq^he_]pekjo(.,,0*
EO)CLO).,,@(J]rop]nCLOOl]_aOaciajp+
J]rec]pekjQoanEjpanb]_ao(I]n_d3(.,,2*
EO)CLO)3,1(J]rop]nCLOOl]_aOaciajp+
QoanOaciajpH1Ejpanb]_ao(F]jq]nu1(.,,1*
EO)CLO)4,,(J]rop]nCLOOl]_aOaciajp+
QoanOaciajpH-?Ejpanb]_ao(=lneh-5(.,,2*
G]lh]j(A*@*(]j`?*F*Dac]npu($a`*%Qj`an)
op]j`ejcCLOLnej_elhao]j`=llhe_]pekjo(=npa_d
Dkqoa(.,,2*
Ounfnejja(F*(]j`H*Senkh](ÎOappejc]Jas
Op]j`]n`Ì=ooeopejcCJOONa_aeranoPd]pQoa
SenahaooJapskngo(ÏEjoe`aCJOO(Rkh*-(Jqi^an
3(K_pk^an.,,2*
Pqnqjaj(O*(Î?ki^ej]pkne]hhkooejo]pahhepa
]_mqeoepekj(ÏEKJCJOO.,,1(Hkjc>a]_d(?=(QO=(
Oalpai^an-/)-2(.,,1*
Pqnqjaj(O*(Î=_mqeoepekjoajoeperepuheiepokb
jas_erehCJOOoecj]ho(Ï?kkn`ej]pao$_CEP(@ahde(
Ej`e]%(RkhqiaEEE(Eooqa-(F]jq]nu.,,3*

=qpdkn
OallkPqnqjajeo]lnej)
_el]h pa_djkhkceop ]p
Jkge]Pa_djkhkcuLh]p)
bknio*Dana_aera`deo
I*O_*ejaha_pne_]hajce)
jaanejcbnkiP]ilana
QjeranoepukbPa_djkhk)
cuejBejh]j`*Bnki-535pk-544das]oejrkhra`
ejpdanaoa]n_d]j``arahkliajpkbej`qopne]h
lnk_aoo_kjpnkhouopaio]pR]hiapLnk_aoo=qpk)
i]pekj*Dafkeja`Jkge]ej-544]j`d]odah`
oaran]hlkoepekjo]pJkge]Naoa]n_d?ajpan(
Jkge]Ik^ehaLdkjao(]j`Jkge]Pa_djkhkcu
Lh]pbknio*Deo_qnnajpejpanaopoej_hq`aik^eha
ldkjalkoepekjejcpa_djemqao^]oa`kj]ooeopa`
CJOO( _ahhqh]n japskng ia]oqnaiajpo( ]j`
ikpekjoajokno*
Ejoe`aCJOO

0-

132

Publication 4

PUBLICATION 5
S. Turunen, “Acquisition performance of assisted and unassisted GNSS receivers
with new satellite signals,” in Proc. ION 20th International Technical Meeting
of the Satellite Division (ION GNSS 2007), Fort Worth, TX, USA, Sept. 25–28
2007, pp. 211–218.
Reprinted, with permission, from Proceedings of ION GNSS 2007.

134

Publication 5

135

Acquisition Performance of Assisted and
Unassisted GNSS Receivers with New Satellite
Signals
Seppo Turunen, Nokia Corporation

longer P(Y) codes to tracking. No similar distinction is made
in the specifications of the new GPS L1C, L2C and L5 signals
or in the specifications of the Galileo E1, E5 and E6 signals.
Instead, all signal components in both standards have
relatively long ranging codes and many of them also have high
bit rates. Consequently, their search spaces are wider and bit
energies lower than those of the GPS L1 C/A signal so that
their acquisition is likely to be more difficult.
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The interface control documents of the new GNSS signals do
not discuss receiver operation or performance. Supplementary
analysis is therefore needed to set realistic performance targets
for future receivers. This study analyses the acquisition
sensitivity that can be achieved with the new signals when
they are combined with various levels of assistance. Special
attention is paid to the role of search space dimension under
the assumption that processing capacity limitations do not
constrain receiver performance.

ABSTRACT
Location based services (LBS) are a rapidly evolving field
of wireless data services that provide location related
information to the users of mobile terminals. The user’s
position is determined by terrestrial radiolocation or, more
and more often, by satellite positioning. The LBS
information is almost invariably provided through cellular
telephone networks that offer the required availability,
mobility and transmission capacity. They also allow
assistance information to be downloaded to the GNSS
receiver to facilitate satellite acquisition in poor signal
conditions.

INTRODUCTION
Weak signal acquisition is problematic in traditional
sequential search GNSS receivers due to a strong inverse
dependency of dwell time on signal power. Acquisition
assistance and parallel acquisition are promising techniques
for improving acquisition speed and sensitivity, and the
industry is in the process of perfecting receiver designs and
deploying new wireless services to exploit their potential to
the full.

Some location based services are intended for open-air use
while others are meant for use in urban and indoor areas.
As satellite signals suffer heavy attenuation in penetrating
structures and obstacles, stringent sensitivity requirements
and test specifications have been included in mobile
telephone standards to make sure that the GNSS receivers
integrated in phones operate properly under weak signal
conditions.

Acquisition assistance simplifies acquisition by providing
direct or indirect code phase and Doppler information from an
external source, forming a part of a technique called assisted
GNSS (A-GNSS) [1]. A-GNSS functionality is included in
mobile telephone standards but not yet implemented in all
commercial networks. The standards currently support the
GPS L1 C/A signal and work is continuing to extend their
coverage to other open GNSS signals.

While the design of consumer GNSS receivers is still
mainly focused on GPS C/A reception, satellite operators
are envisaging signals with new coding and modulation
schemes. The original GPS and Glonass specifications
dedicated the short C/A codes to acquisition and the
ION GNSS 20th International Technical Meeting of the
Satellite Division, 25-28, September 2007, Fort Worth, TX

Parallel acquisition receivers use hardware accelerators or offline software processing to search satellite signals from the
whole uncertainty space in a small number of sequential steps
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has few arbitrary parameters and is conceptually simple, we
use it below as a reference framework for comparing satellite
signals.

or, ideally, in just one step. Present GNSS receivers are
often equipped with parallel acquisition processors that
are capable of testing tens of thousands of frequencydelay hypotheses simultaneously, allowing them to detect
heavily attenuated signals that require dwell times of one
second or longer.

Setting aside signal cross-correlation effects, the acquisition
performance of the fully parallel receiver depends essentially
on signal power and search space dimension. Since the search
space contains a large number of identically distributed noise
variables and since the main goal of the search obviously is to
find the variable with the largest absolute value, the crucial
probability distribution is that of the maximum of all noise
bins. It was pointed out in an earlier study [2] that according to
extreme value theory the cdf of the distribution has the
limiting form

A typical parallel acquisition processor consists of a
matched filter bank for code phase search and a digital
Fourier transformer for frequency domain search.
Circuitry for eliminating data modulation may also be
present if prior information about the modulation is
available. As an alternative for time-domain matched
filtering it is possible to do matched filtering in frequency
domain using the computationally efficient fast Fourier
transform (FFT), especially if memory is available for
storing long data samples. The order of execution of
matched filtering, Fourier transformation and data
demodulation is immaterial from a theoretical standpoint,
all these operations being linear, but often has
implications on practical receiver design.

Fn x ! # exp " exp " $ n x " u n !!! ,

where n is the search space dimension and $n and un are
parameters dependent on n. When there is just one coherent
integration step, Fn(x) has the mean value
xn # 2& 2 ln n ! ' % !

The result of the linear processing steps is a complex
noise signal or, if a satellite signal is present, a near-DC
signal superimposed on noise. The next processing steps
are typically coherent integration, squaring and noncoherent summation. The final step is to apply a suitable
decision policy to conclude if a satellite signal is present
in the search space and to provide approximations for its
Doppler shift and code delay.

(2)

and the standard deviation
xn " xn

!2 # (

2 2
& ,
3

(3)

where & is the noise std after either complex integrator branch
and % is the Euler constant. Expressions (2) and (3) lead to the
broad conclusion that the signal power required to maintain a
constant failure rate is inversely proportional to the logarithm
of the search space dimension, or, in other words, receiver
sensitivity has an inverse logarithmic dependency on the
dimension of the search space.

Numerous studies have been published about sequential
search strategies where the same hardware is allocated on
different frequency-delay bins at different instants of time.
It is typical of the strategies that the same bin is visited
repeatedly in a procedure called multiple dwelling. All
sequential strategies start from the premise that acquisition
performance is limited by receiver capacity. For this
reason they would be an ambiguous reference framework
for comparing the merits of different satellite signals,
especially as receiver capacity limitations manifest
themselves in different ways and tend to change over
time. One possible way to establish a more solid reference
framework is to assume that unlimited processing capacity
is available.

Acquisition assistance can dramatically reduce search space
dimension and can thus be expected to improve receiver
sensitivity. The improvement depends on the dimension of the
initial search space that further depends on several
characteristics of the satellite signal.

If receiver processing capacity is unlimited and if all
frequency-delay bins are a priori equiprobable, an optimal
acquisition strategy obviously utilizes all signal energy
available during the observation time and treats all
frequency-delay bins symmetrically. This leads one to
consider a receiver that first derives a test statistic for each
frequency-delay bin in parallel using the procedure
described above, then searches for an extremum among of
these, and finally decides whether the extremum is strong
enough to represent a satellite signal. Since the procedure

ION GNSS 20th International Technical Meeting of the
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Table 1. Present and future GNSS signals.

Code
length

Data channel
Symbol Code
length
rate
[ms]
[kHz]

Data
rate
[Hz]

Pilot channel
Code
Code
length
rate
[kHz]

Encoding

Multiplexing

GPS L1 C/A

1023

20

1023

50

-

-

BPSK(1)

GPS L1C
GPS L2C
GPS L5
Galileo E1
Galileo E5A
Galileo E5B

10230
10230
10 * 10230
4092
20 * 10230
4 * 10230

10
20
10
4
20
4

1023
511.5
10230
1023
10230
10230

50
25 or 50
50
125
25
125

1800 * 10230
767250
20 * 10230
25 * 4092
100 * 10230
100 * 10230

1023
511.5
10230
1023
10230
10230

BOC(1,1)
BPSK(0.5)
BPSK(10)
BOC(1,1)
AltBOC(15,10)
AltBOC(15,10)

code+optional phase
code+time
code+phase
code
code+phase
code+phase

-

Galileo E6
Glonass L1 C/A

5115
511

1
10

5115
511

500
50

100 * 5115
-

5115
-

BPSK(5)
BPSK(0.5)

code
-

variance at both real and complex integrator outputs is
equal to 2 in the case where m = 1. Each frequency-delay
bin then has a central chi-square distribution with 2m
degrees of freedom defined by the cdf

NEW SATELLITE SIGNALS

The new GPS and Galileo signals have two components,
data and pilot. Both components have long ranging codes,
which makes their use for unassisted acquisition difficult.
As a compensating feature, the pilots lack data
modulation, which allows coherent integration beyond bit
boundaries, thus yielding high processing gain and
potentially also high receiver sensitivity. However, it is
not immediately evident that the high sensitivity can
actually be achieved, because the associated search space
is large and could give rise to a high false alarm rate that
negates the benefit of the processing gain.
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(4)

.

The expression on the right-hand side is the incomplete
gamma function [8] which can be directly evaluated with
common numerical software packages. The mean value of
the distribution is 2 2 and it represents the total received
energy. The standard deviation depends on m and has the

The dimension of the acquisition search space has four
factors: length of ranging code, number of frequency
search bands, time domain oversampling ratio, and
frequency domain oversampling ratio. The number of
frequency search bands is proportional to coherent
integration time because the latter is inversely
proportional to receiver bandwidth. The coherent
integration time of a portable receiver seldom exceeds one
second due to user movement, clock instability and
unknown data modulation.

expression 2

2

m.

Borio [9] defines System false alarm probability in the
absence of signal as the probability of at least one noise
bin in a search space of dimension n exceeding a given
detection threshold q. It can be expressed in terms of the
single bin false alarm probability Pfa as

The symbol lengths, data rates, code rates and code
lengths of several present and planned freely accessible
GNSS signals [3-7] are shown in Table 1. The table also
shows the type of chip encoding, the method of
multiplexing and the factorization of the code length into
constituent parts in those cases where composite codes are
used.

or in terms of the noise bin cdf F(x) as

PERFORMANCE MODEL

He also defines System detection probability as the
probability of the signal bin exceeding both q and all
noise bins in value. It can be expressed as

.

a
!q " # 1 * .F !q "/n .
PFA

To compare the satellite signals we assume that the
receiver performs m complex coherent integrations, the
non-coherent summation is preceded by squaring, and the
receiver input is white Gaussian noise such that the noise
ION GNSS 20th International Technical Meeting of the
Satellite Division, 25-28, September 2007, Fort Worth, TX
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PD q ! '

n $1

%

& "1 $ P fa x !#

f A x ! dx ,

across bit boundaries. The nominal satellite signal powers
are as specified in the respective ICD documents [3-7]
and they are assumed to divide into pilot and data
components as implied by the documents. The Glonass
signal power is assumed to divide evenly between the P
and C/A components. To account for the constant
envelope corrections of the AltBOC(10,15) modulation
scheme of the Galileo E5 signal, 0.69 dB is subtracted
from the total power.

(7)

q

where fA(x) is the pdf of the signal bin. In the case of
complex Gaussian noise and m coherent integrations the
signal bin follows the non-central chi-square distribution
and has the pdf
m $1

f A x! '

E / mx

- mxE *
m - mx * 2 $ 20 2
( ,
. m $1 +
e
+
(
+ 02 (
20 2 , E )
,
)

(8)

The parameter assumptions for the calculations are shown
in Table 2. The receiver is assumed to be capable of one
second coherent integration so that the pilot signals can be
processed in a single integration step. The coherent
integration time for the data signals is taken to be one bit
period. For the BPSK and AltBOC(15,10) modulated
signals one delay bin is assigned to each code element
while for the BOC(1,1) modulated signals two bins are
assigned. The number of frequency search bands is
calculated from the expression [10]

where 0 is the noise std defined above, Ik(x) is the
modified Bessel function of the first kind of order k and E
is the output of the complex squarer in the absence of
noise when m is taken to be one.
Substituting Pfa = 1-F(x) from (4) and fA(x) from (8) into
(7) and changing the integration variable to u = mx/01
gives

Nf = 1.5 x BT/m,

PD q ! '
%

1
2

m $1

- u * 2 $
+
(
e
2(
+
mq , E 0 )

&

E 0 2 /u
2
.

.
- uE * - u * n $1
( 2 + m, ( du
+
2 (
2
)
,
0
)
,

where B is the frequency uncertainty range. The total
number n of search bins is obtained by multiplying the
number of delay bins with the number of frequency
search bands.

(9)

m $1+

02

When no assistance is available, the search space consists
of all code phases and the full frequency uncertainty
range which is taken to be 10 kHz. The term coarse
assistance refers to a case where the assistance reduces
frequency uncertainty but does not reduce code
uncertainty. This is the case in most GSM and WCDMA
networks as their base stations provide an accurate
frequency reference but only a coarse time reference. The
term fine assistance refers to a case where a microsecond
level time reference is additionally available. This is
typical of CDMA networks that have synchronized base
stations.

If the total observation time T is one second, it follows
from the identity
E/(202) = PT/(FNN0 ) ,

(10)

where FN is the receiver noise factor, that E/(202) can be
interpreted as the C/N0 ratio at receiver baseband input.
The integrand of (9) is therefore determined once C/N0 is
known.
NUMERICAL EVALUATIONS

Two factors contribute to the accuracy of frequency
assistance: the accuracy of frequency reference and the
accuracy of Doppler estimate. Cellular base station
oscillators typically exhibit a frequency bias in the order
of ± 0.05 ppm. Assuming that the user is walking at a
speed of 5 km/h with respect to the base station, his
movement contributes a Doppler error of ± 0.005 ppm.
Adding a receiver tracking error of ± 0.075 ppm gives a
total worst case error of 0.13 ppm which corresponds to
approximately ± 200 Hz at satellite signal frequencies.
The Doppler estimate is based on an initial terminal
position estimate, satellite ephemeris information and
reference time. The initial position estimate is usually the
known location of the nearest cellular base station and it
is typically accurate to within a couple of kilometers. The
time is usually available at an accuracy of 2-3 s in

The ratio E/(202) required to provide a PD of 0.99 at a
PaFA of 0.01 is shown in Figure 1 for the satellite signals
of Table 1. For each signal there is a separate bar for
unassisted acquisition, for two levels of assisted
acquisition, and for the idealized case of testing signal
presence in a single bin at a detection rate of 0.99 and a
false alarm rate of 0.01. The signal observation time is
one second so that the results are directly interpretable as
C/N0 at receiver baseband input.
Figure 2 shows the margin between the nominal and
required signal power as calculated from the E/(202)
values of Figure 1 using (10) and assuming a total
implementation loss of 4 dB. The loss is assumed to cover
receiver front-end noise, digital processing noise, losses
from off-peak sampling, and losses from integrating
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obviously taking a toll by enforcing a short coherent
integration time. The other new data signals are not very
efficient, either, and would seem be inferior to GPS C/A
when no assistance is available. The unassisted pilot
signals provide a couple of decibels more sensitivity than
GPS C/A. The pilot signals in general offer a higher
sensitivity than their corresponding data signals, the
difference being 2!7 dB when no assistance is present
and 3!8 dB when fine assistance is available.

networks with coarse assistance. With this information
the Doppler shift can be estimated to within a few Hz so
that the inaccuracy of the frequency assistance is clearly
dominated by the error of the frequency reference. We
therefore use ± 200 Hz as the frequency uncertainty range
for both coarse and fine assistance.
The accuracy of reference time in the case of fine
assistance depends on the accuracy of base station clock,
on the accuracy of estimating propagation delay, and on
the accuracy of signal tracking in the terminal. We use the
WCDMA standard test requirement of ± 32 us.

Coarse assistance provides 0.5 dB and fine assistance
1!2 dB of sensitivity improvement as compared to
unassisted acquisition, the improvement being the higher
the larger the original search space is.

To obtain the values for E/(2 2), the threshold q was first
chosen so that the system false alarm probability as
evaluated numerically from (4) and (6) was one percent.
The threshold and the required parameters from Table 2
were then substituted into (9) which was solved
numerically for E. The numerical calculations were
performed using Matlab standard functions with the
exception that the Bessel function, which obtains very
large values, was approximated in logarithmic form using
a power series from [8]. The results for single bin
detection were obtained accordingly by setting n = 1.

It can be seen from Figure 2 that the GPS L5 and
Galileo E6 pilot signals in combination with fine
assistance provide the highest attenuation margins of all
signals, over 4 dB higher than the unassisted GPS L1 C/A
signal.
As can be seen from Table 2, the unassisted pilot signals
have extremely large search spaces. Assistance would
therefore seem to be a precondition for their use in weak
signal acquisition at least in the foreseeable future. It may
thus be argued that assistance here serves both as an
enabler for using the pilot signals and as a means of
improving sensitivity. This line of argument would
attribute a sensitivity improvement as high as 9 dB to the
assistance, 7 dB due to the difference between data and
pilot signals and 2 dB due to the improvement resulting
from search space reduction.

The single bin E/(2 2) values in Figure 1 depend solely
on the number of coherent integrations given in Table 2
and reflect the conventional wisdom that sensitivity in
power terms is proportional to the square root of the
number of coherent integrations when observation time is
given. The unassisted values exceed the single bin values
by 2!6 dB, the difference being the wider the larger the
search space is.
The most inefficient signaling scheme would seem to be
that of the Galileo E6 data channel, its high data rate
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Table 2. Parameters used in numerical evaluations.

Signal

Nominal
power
[dBm]

Coherent
integrations

No
assistance
f = ±5 kHz
t=
Delay
bins

Coarse
assistance
f = ±200 Hz
t=

Frequency
bins

Delay
bins

Fine
assistance
f = ±200 Hz
t = ±32 us

Frequency
bins

Delay
bins

Frequency
bins
12

GPS L1 C/A

-128.50

50

1 023

300

1023

12

65

GPS L1C data

-133.00

100

20 460

150

20460

6

65

6

GPS L1C pilot

-128.25

1

36 828 000

15 000

36828000

600

65

600

GPS L2C data

-133.00

50

20 460

300

20460

12

33

12

GPS L2C pilot

-133.00

1

1 534 500

15 000

1534500

600

33

600

GPS L5 data

-127.90

100

102 300

150

102300

6

655

6

GPS L5 pilot

-127.90

1

204 600

15 000

204600

600

655

600

Galileo E1 data

-130.00

250

8 184

60

8184

2

65

2

Galileo E1 pilot

-130.00

1

204 600

15 000

204600

600

65

600

Galileo E5A data

-128.69

50

204 600

300

204600

12

655

12

Galileo E5A pilot

-128.69

1

1 023 000

15 000

1023000

600

655

600

Galileo E5B data

-128.69

250

40 920

60

40920

2

655

2

Galileo E5B pilot

-128.69

1

1 023 000

15 000

1023000

600

655

600

Galileo E6 data

-128.00

1000

5 115

15

5115

1

327

1

Galileo E6 pilot

-128.00

1

511 500

15 000

511500

600

327

600

Glonass L1 C/A

-134.00

100

511

150

511

6

33

6
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Figure 1. Noise normalized signal energy. PD = 0.99 and PaFA = 0.01.
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Figure 2. Attenuation margin. PD = 0.99 and PaFA = 0.01.
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The importance of sensitivity for consumer GNSS receivers is discussed in view of location based
services and emergency call positioning
Location based services (LBS) are a rapidly growing field of wireless data services that can be accessed
through a mobile phone equipped with a GNSS receiver. Some of the services are intended for outdoor
use while others are suited for use in urban and indoor areas. It is therefore likely that subscribers will
expect these services to be available throughout the coverage area of the mobile telephone network.
Regulators, who are mainly interested in the positioning of emergency calls, have likewise established
requirements for mobile phones that have a builtin GNSS receiver. According to the requirements, the
GNSS receiver must successfully acquire and track satellite signals under measurement scenarios that
simulate heavy signal attenuation. Since the processing load for signal acquisition has a strong inverse
dependency on signal power, acquisition is rapidly becoming the most demanding task computationally
of modern consumer GNSS receivers.
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location estimate. When available, they allow the receiver to calculate estimates for Doppler shifts and,
if sufficiently accurate, for code phases. The estimates allow the receiver to reduce search ambiguity
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and the time and effort needed for acquisition. The reference time and reference frequency could, in
principle, be obtained from a good crystal oscillator. However, the crystal oscillator of a consumer grade
receiver is often prone to temperature drift and other instabilities. GNSS receivers that are integrated
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into a mobile phone have a high-quality frequency reference available from the cellular network. If the
so-called assisted GNSS (A-GNSS) functionality is enabled, the receiver can also obtain time, location
and satellite ephemeris information from the network. The required transactions are specified in all
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mobile telephone standards but the functionality has not, unfortunately, been implemented in all
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networks. The accuracy and content of the information is also dependent on the network.
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necessary to use an integration time of one second or more. This is true in particular when oscillator
instability, signal modulation or receiver movement limits coherent integration time. Under such
circumstances, a serial search would proceed extremely slowly except when accurate prior information
about the code phases and Doppler frequencies is available. Modern consumer GNSS receivers are
therefore more and more often equipped with a means of efficient parallel acquisition. A typical
acquisition processor consists of a bank of time-domain matched filters for code phase searching and a
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A recent trend is to use softwarebased acquisition and to perform the matched filtering in the frequency
domain, which is computationally efficient. This kind of software acquisition is typically carried out offline and the required transforms between the time and frequency domain are performed with FFT.
The processing of a delay-frequency bin for satellite acquisition is conceptually shown in Fig. 1. A
stream of complex-valued baseband samples from the receiver RF section is multiplied with a locally
generated replica signal to eliminate – or wipe off – the Doppler frequency and ranging code, leaving a
complexvalued DC signal. The DC signal is then integrated coherently, squared, and added to a memory
location dedicated to the specific combination of Doppler frequency and code delay. This sequence of
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operations, which constitutes one non-coherent processing step, is performed for each delayfrequency
bin in parallel and repeated one or several times. Finally, a decision strategy is applied to the contents
of the memory and a conclusion made about the existence of a satellite signal in one of the bins. If
there is a known data modulation on the signal, it can also be wiped off. The wipe-off operations are
linear so that their order of execution can be freely changed without effecting the end result, which is
useful when optimising the HW implementation. Practical considerations, such as the availability of
special signal processing elements, have resulted in widely different implementation architectures.
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Numerous studies have been published about sequential acquisition strategies where the same hardware
is allocated on different search bins at different times. An element frequently present in sequential
strategies is multiple dwelling, where some bins are processed repeatedly to verify the acquisition
results. Sequential strategies implicitly assume that acquisition performance is limited by the processing
capacity. However, the rapid evolution of digital hardware is making the assumption less relevant. In
fact, commercial receivers already contain real-time acquisition processors that can handle tens of
thousands of delay-frequency bins in parallel, and SW receivers operating off-line with sample streams
stored in memory do not even have strict hardware limitations. It is therefore interesting to know how
acquisition performance is bounded when processing restrictions are removed and only physical
limitations apply. It turns out that acquisition sensitivity then becomes heavily dependent on the length
of the ranging code and on the availability of assistance information, a fact that has not been fully
appreciated in the GNSS literature.

New civil GNSS signals and their acquisition strategies
The short C/A code was dedicated for acquisition and the longer P(Y) code for tracking in the original
GPS specification. There is no similar division in the newer L1C [IS-GPS- 800], L2C [Fontana] and L5
[ISGPS- 705] civil signal specifications or in the Galileo OS [GJU] signal specification. Instead, all
component signals have fairly long ranging codes and some of them also have high bit rates. These
characteristics are likely to make acquisition difficult due to the resulting expansion of the search space
and reduction of bit energy. The new specifications also include pilot signals that take up a significant
fraction of the transmitted power. While it is thinkable that the unmodulated pilots are useful for
tracking, it is questionable whether they can be used in acquisition due to their extremely long cycle
lengths.
Table 1. shows the code lengths and other parameters of some present and future civil GNSS signals.
The shortest ranging code belongs to the GPS L1 C/A signal and the longest to the GPS L2C pilot signal,
the difference being approximately three orders of magnitude. Both codes are shift-register generated
sequences that do not have a discernible substructure. As another example, the proposed Galileo L1 OS
pilot signal has a concatenated ranging code consisting of a primary code with 4092 elements and a
secondary code with 25 elements. Its cycle length is the product of the lengths of the component codes,
i.e. 102300 elements.
The size of the acquisition search space is the product of four factors: the code length of the ranging
code, the number of frequency search bands, the time domain over-sampling ratio, and the frequency
domain over-sampling ratio. The number of frequency search bands is proportional to the coherent
integration time since the latter is inversely related to the receiver bandwidth. In order to avoid code
self-noise, the coherent integration time should normally be an integer multiple of code cycles. In the
case of the GPS L2C pilot signal, this means that the shortest possible coherent integration time is 1.5
seconds. The coherent integration time for the GPS C/A signal is limited by data modulation to about 20
ms. It follows that the number of frequency search bands needed for the GPS L2C pilot signal is about
100 times larger than that needed for the GPS C/A signal, and further, that the size of the search space
for the GPS L2C pilot signal exceeds that for the GPS L1 C/A signal by five orders of magnitude.
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–~~~~~~~~~~~~–
Theoretical and practical limitations
A useful insight into parallel acquisition can be gained by examining the statistics of noise bins in the
search space. It is well known that the squaring and subsequent summing of m independent complex
zero-mean Gaussian variables results in a central chi-square distributed variable with 2m degrees of
freedom [Proakis]. This is exactly the process that produces the noise bin values when there are m
coherent integrations and when the input is thermal noise. Assuming a constant total reception time and
an input power that corresponds to a noise variance equal to s2 at both integrator outputs when m is
one, the cdf of a noise bin for an arbitrary m is

The related mean value of the distribution is

and the standard deviation is

Since

signal detection is critically based on the highest noise bin, the relevant probability distribution is not
that of an individual noise bin but that of the maximum of all noise bins in the search space. The cdf of
the latter distribution can be written by raising the cdf of the former distribution to the power of n, n
being the total number of noise bins:

Extreme value theory (EVT), a branch of mathematics developed by Fisher, Tippett, Gumbel and others
during the 20th century, proves that the limiting distribution Fn of the maximum of n i.i.d. random
variables, when n tends to infinity, has one of three possible functional forms depending on the tail of
the parent distribution. For the chi-square distribution and other distributions with an exponentially
decreasing tail, the limiting distribution has the double exponential form

for the chi-square distribution can be obtained from an expression given by Gumbel [Gumbel] for the
gamma distribution. Numerical evaluation shows that the approximation is fairly accurate for values of
m up to five or six. Substituting (6) and (1) into (5) gives
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The double exponential distribution (3) has the mean value

It can be seen from (10), (11), (12) and (13) that the mean of the maximum of the chi-square
distributed noise bins has a logarithmic or slightly stronger than logarithmic dependency on the size of
the search space, while the standard deviation of the maximum is nearly constant. In other words, the
graph of the probability density function of the noise maximum maintains its width but is shifted
horizontally when n changes. This means that signal detection thresholds also have to be shifted in
order for error probabilities to remain constant. The consequence of this is that the receiver acquisition
sensitivity is lower when the size of the signal search space is larger, the required signal power being
approximately proportional to the logarithm of the size of the space.
In an earlier contribution [Turunen] the author derived an expression for the false acquisition probability
in a scenario where a satellite signal is known to be present and the receiver

simply chooses the highest peak in the search space. With the noise power assumption made above and
with a signal power such that the squarer output is equal to E when m is one, the false acquisition
probability for an arbitrary m was found to be
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is the pdf of the non-central chi-square distribution obeyed by the signal bin. The last term in (15) is
the modified Bessel function of the first kind of order m-1. Substituting (1) and (15) into (14) and
making the substitution

leads to

is the incomplete gamma function.

–~~~~~~~~~~~~–
Numerical examples
Fig. 2 shows the probability of false acquisition from (16) as a function of E/(2s2) for several values of n
when m = 1. Due to the identity
E/(2s2) = PT/(FN0 ),

(18)

where P is the signal power at baseband input, T is the total reception time and F is the noise figure,
E/(2s2>) can be interpreted as the ratio of signal power to noise spectral density at the receiver baseband input when T is one second. Fig. 3 is otherwise similar except that m = 50. It can be seen from
the figures that when either m or n varies within the chosen limits, the sensitivity changes by
approximately five decibels.
The width of a frequency search band is approximately two thirds of the inverse of the coherent
integration time [Kaplan], such that the number of frequency bands is

where B is the total frequency search range. The size of the search space, which includes the n noise
bins and the one signal bin, is the product of Nf and the length of the ranging code when no
oversampling is assumed. Due to (19), n and m are therefore inversely related. Fig. 4 shows the Pfa
plots for seven pairs of m and n that exhibit this relationship. It is assumed that T is one second, B is
12 kHz and the code length is 1,023 elements. The figure shows that the net effect of increasing the
number of coherent integrations is a reduction in sensitivity.

150

Publication 6

Fig. 5 illustrates the effect of frequency uncertainty on the false acquisition rate when (19) applies.
There are two groups of curves, one for m = 1 and another for m = 50, and seven frequency search
ranges from 100 Hz to 15000 Hz. The code space uncertainty is 1,023 and T is one second. It may be
observed that the sensitivity impact of changing the number of coherent integrations is about 4 dB and
that of varying the frequency search range about 2 dB.

Fig. 6 shows how sensitivity depends on the code length Nc in an example where the coherent
integration length is equal to Nc code elements and the total reception time is a fixed number of code
elements, 106 in this case. Taking (19) into account it follows that n = 1.5 BTNc2/106. It is further
assumed that there is no oversampling, B is 12 kHz and T is one second. The figure shows that
sensitivity becomes higher when the code length is increased. This happens regardless of a
simultaneous expansion in the search space.

Finally, Fig. 7 shows six Pfa plots that are motivated by six existing or proposed GNSS signals. The
signals with some of their parameters are listed in Table 2. The number of delay search phases is based
on the assumption of taking one sample per code element. For the GPS L2C pilot signal, the correct
figure is twice the number of code elements since the signal is timemultiplexed with a data signal. For
the Galileo L1 pilot signal, the number of delay search phases is the product of the lengths of a BOC
(biphase) code, a primary ranging code, and a secondary ranging code. For all signals, the frequency
uncertainty bandwidth B is assumed to be 12 kHz. The reception time T is chosen to be 1.5 seconds
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according to the coherence time of the GPS L2C signal which is the longest in the table. The number of
coherent integrations was obtained from assuming that the coherent integration time is equal to the
coherence time of the signal. The number of frequency search bands is calculated from (19).
Based on the plotted results, the attenuation margin corresponding to a Pfa of 10% and a noise figure
of 4 dB is shown in the rightmost column of the table. The margin was calculated by subtracting the
required power obtained by solving P from (18) from the nominal signal power. Shown in the table is
also the post-detection S/ N ratio, defined here as the difference of the mean value of the signal bin,
2s2+E/m, and the mean value of a noise bin, 2s2, divided by the latter.

As seen from Table 2, the required value of E/(2s2) is higher when the number of coherent integrations
is larger. This is obviously due to the fact that the length of the coherent integration period is inversely
proportional to the number of integrations, which leads to a lower post-detection S/N ratio when the
number is larger. The fact that the reduction in the post-detection S/N ratio is not refl ected as a higher
false acquisition rate would suggest that the simultaneous reduction in the size of the search space has
a compensating effect. It should be kept in mind, however, that the post-detection S/N ratios do not
fully characterize the signal distributions in the search space.

Conclusion
The importance of sensitivity for consumer GNSS receivers was discussed in view of location based
services and emergency call positioning. The dependence of acquisition sensitivity on the size of signal
search space was discussed in the context of an ideal parallel acquisition receiver. The discussion was
motivated by the fact that parallel acquisition is gaining popularity in commercial receivers due to
growing performance requirements and due to improvements in signal processing electronics. To
characterize noise distributions in very large search spaces, results from extreme value statistics (EVT)
were used to show, among other things, that the mean of the noise maximum is approximately
proportional to the logarithm of the size of the search space. An analytic expression from an earlier
publication was used to plot false acquisition probabilities for acquisition scenarios with different
numbers of coherent integration steps and frequency search bands. The expression was also applied to
analyse the acquisition properties of the chosen GPS and Galileo signals. The results indicate that the
best achievable acquisition sensitivity depends not only on signal power and coherence time but also to
a signifi cant extent on the size of the search space.
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Nearly Orthogonal Codes in GNSS Using
Unequal Code Lengths
Qin Zhengdi, Seppo Turunen, The Nokia Corporation, Tampere, Finland

were orthogonal to each other. Theoretical analysis and
simulations show that a group of short codes with unequal
lengths can provide better cross-correlation distances than
a group of longer codes with equal code length if the
distances are calculated over several consecutive cycles of
the short codes.
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INTRODUCTION
The basic principle of UCL-CDMA (Unequal Code
Length CDMA) was first introduced at the GNSS 2004
conference [1]. In this paper, the correlation properties of
the method are discussed and some guidance is given for
selecting code families for good performance.
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In a traditional CDMA system with a single code length,
the cross-correlation pattern remains stationary in relation
to the channel delay profile from one code cycle to
another. This may lead to an interference-limited situation
where it is difficult to suppress co-channel interference by
continued integration. For example, in the GPS C/A
signalling where all satellites share the code length of
1023, the average cross-correlation distance between two
channels is 23.9 dB [2]. While the resulting co-channel
interference is low enough for open-air reception, it is not
sufficient for all indoor or shadowing environments where
satellite signals are asymmetrically attenuated.

ABSTRACT
Signal acquisition in a GNSS receiver is typically based
on channel estimation done by correlating the received
CDMA signal with a code replica. In order to achieve
good sensitivity, the process is usually repeated several
times and the results combined. A large number of
repeated correlations is needed, especially for weak signal
acquisition. The dynamic range for channel separation is,
however, limited since co-channel interference cannot be
attenuated by means of repeated correlations in a
traditional CDMA system that uses short codes of equal
length. This results from the fact that the cross-correlation
pattern is stationary with respect to the correlation cycles.

The normal way to reduce cross-correlation in a CDMA
system and hence to improve channel separation is to use
longer codes. The price to be paid for this is an increase in
receiver complexity, which can be exponential to the code
length if signal acquisition is done by parallel search. A
related disadvantage is the longer time for signal
acquisition. For practical reasons, it may also be difficult
to fully utilize the cross-correlation properties of the
longer codes because the receiver may not be able to
process full code cycles and because the partial
correlation properties of algebraic codes are often poor.

A coding method is given that provides an essential
reduction of cross-correlation by allocating slightly
different code lengths to different channels. The crosscorrelation can drop to zero if the code lengths and the
integration time in the receiver are carefully chosen and if
data modulation is absent, as is the case with the pilot
signals now being planned for both GPS and Galileo.
Under these assumptions it looks as if the coded channels
ION 60th Annual Meeting/U.S. Air Force Institute of
Technology & The U.S. Air Force Research Laboratory,
Sensors Directorate, 7-9 June 2004, Dayton, OH

The idea behind UCL-CDMA is to use different code
lengths for different channels. The difference can be one
or several chips, or a fraction of a chip. The purpose is to
make the cross-correlation patterns non-stationary with
respect to the channel delay profile so that they are
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eliminated by averaging when the results of repeated
correlations are combined.

θ n (l ) =

Ln −1

! cln c(nl*+i )mod Ln ,

(6)

i =0

We show theoretically and by simulations that if the code
lengths are slightly different from channel to channel and
if the acquisition process is extended over several
consecutive code cycles, it is possible to obtain
significantly lower co-channel interference values than by
using fixed length codes of comparable length.

θ n,m (l ) =

Lnm −1

!

i =0

cimmod L c (ni*+l )mod L
m
n

(7)

where Lnm is the period of concern. For simplicity, the
normalization factor is omitted.

SIGNAL MODEL
We use the term balanced to indicate that the sum of code
elements is zero or, when the code length is odd, it differs
from zero by one, i.e.:

We denote the unmodulated baseband signal of channel n
by
s n (t ) =

Ln −1

! cin f n (t − iTc )

Ln −1

%0

i =0

#

! cin = $± 1

(1)

i =0

( Ln is even)
( Ln is odd)

(8)

where Tc is the chip length, cin is a sequence of chips
belonging to the alphabet {-1,1}, Ln is the length of the

CROSS-CORRELATION BETWEEN TWO
CHANNELS

sequence cin and f n is a baseband pulse waveform. The
received signal can then be expressed as

The frame length of a pair of channels is defined as
L frame =

! s n (t − kLnTc ) ,

g n (t ) = exp( jω n t )

(2)

where ω n is the Doppler shift specific to the channel n. It
is assumed that the effects of code Doppler can be
neglected. It is additionally assumed that the pulse
waveforms fulfil the following orthonormality
requirement:
*
" f (t + mTc ) f (t + nTc ) dt = δ (n − m )

.

(3)

−∞

discussion applies. For example, if we have a sample rate
of four samples per chip, the minimum code length
difference can be a quarter of a chip. For simplicity, we
only discuss integer chip counts in this paper.

We define continuous time autocorrelation and crosscorrelation functions as
1

Rm,n (t ) = lim

T 2

"

g n (u )g n* (u + t ) du

(4)

We first assume that Ln and Lm are relatively prime to
each other. The periodic cross-correlation function can
then be expressed as

(5)

θ n,m (l ) =

−T 2

1

T →∞ T

(9)

If one chip is divided into several samples, the code
length difference can be adjusted to a fraction of a chip.
L frame can then be counted in samples and the same

∞

T →∞ T

,

where Lm and Ln are the code lengths in chip units and
 denotes the least common multiple. If L and L are
m
n
relatively prime to each other, the minimum frame size is
Lm × Ln . If Doppler effects can be ignored and chip
synchronism between channels is assumed, the two
channels have a joint period of length L frame .

k =−∞

Rn (t ) = lim

{Lm , Ln }

∞

T 2

"

g m (u )g n* (u + t ) du

−T 2

!

i =0

In the absence of a Doppler shift, the orthonormality of
the pulse waveforms and the cyclic nature of the signals
allow us to express (4) and (5) at discrete time events in
terms of the circular correlations of the codes:

ION 60th Annual Meeting/U.S. Air Force Institute of
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Ln Lm −1

cimmod L c(ni*+l )mod L
m

n

(10)

According to the Chinese remainder theorem [3] there
exists for each i ∈ {0, Ln Lm − 1} a unique pair of integers
j ∈ {0, Ln − 1}
and
k ∈ {0, Lm − 1}
such
that
i = j + ξLn = k + ζLm for some integer ξ and ζ . It
follows that θ n, m can be written as:
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Ln −1 Lm −1

θ n, m (l ) =

! !

( j +ζLm ) mod Lm

j =0 k =0
Lm −1 Ln −1

=

! !

j =0 k =0

cm

Figure 1 shows some simulation results. First, we
consider a pair of code sequences with lengths of 10 and
11. The lengths are relatively prime and the frame length
is thus 110. We can see from the simulation result (red
line) that the cross-correlation becomes zero when the
integration time approaches a multiple of the frame
length. Secondly, we consider a pair of code sequences
with lengths of 20 and 25. The lengths are not relatively
prime and the frame length is 100. Also, in this case, we
see from the simulation result (blue line) that the crosscorrelation falls steeply and reaches a minimum when the
integration time approaches a multiple of the frame
length. In both cases, the cross-correlation level is below
that of a CDMA sequence with a code that extends over
the total integration time (green line).

c n*

( k + l +ξLn ) mod Ln

(11)
c mj mod L c(nk*+ l ) mod L
m
n

Making use of the cyclic and balanced nature of both
sequences we have:
Lm −1

θ n, m (l ) =

!

j =0

c mj

Ln −1

!

ckn *

k =0

% 0 if one of the code lengths is even
=$
#± 1 if both of the code lengths are odd

(12)

DOPPLER SHIFT
This means that there is almost no interference between
the two channels if the time period under consideration
has a duration of one frame. It appears as if the two code
sequences were orthogonal to each other. The same is true
for any multiple of the frame length.

The Doppler-shifted case can be analyzed by observing
how the frequency components in the Fourier series of the
cross-correlating signals overlap.

So far, we have discussed binary sequences that are
balanced but otherwise arbitrarily chosen. This means that
the orthogonality of the sequences is independent of the
content of the codes and of the timing relationship
between the codes.

We denote two pilot signals by gm (t) and gn (t-t0), where
t0 is an arbitrary delay, and their code lengths by Lm and
Ln. We assume that the code lengths are relatively prime
numbers and, to simplify expressions, we additionally
assume that they are odd numbers. The complex Fourier
series representations of the signals, assuming Doppler
frequencies fm and fn, can be written as

If the code lengths are not pairwise relatively prime, the
conclusion above does not hold. Nevertheless, there are
several code cycles in a frame for each of the binary
sequences and the cross-correlation pattern changes from
cycle to cycle due to the code length differences. The
changes in the pattern appear as if the cross-correlation
peaks were sliding with respect to the primary correlation
pattern. It is thus conceivable that when the results of
consecutive code cycles are added together, the highest
peaks are suppressed more strongly than in a case where
the patterns are stationary or random. It can be expected
that the full advantage be achieved when the integration
time is a full frame cycle or a multiple thereof.

g m (t ) = exp( j 2πf m t )

k = −∞

Cross-correlation level

(13)

∞

!

(14)

l = −∞

+
k
F )) j 2π
LmTc
*
LmTc

(
& L −1
& m
+
kl (
'
! clm exp)) − j 2π L &&
m'
*
l =0

(15)

for gm(t) and similarly for gn(t).
F ( jω ) denotes the Fourier transform of the chip
waveform f (t):

0.3
0.2
0.1
0

(
&
&
'

+
l (t − t 0 ) (
&,
d ln exp)) j 2π
LnTc &'
*
where the coefficients are given by

g n (t ) = exp( j 2πf n t )

Normal CDMA
UCL-CDMA, codes pair 20:25
UCL-CDMA, codes pair 10:11

0.4

+
kt
d km exp)) j 2π
LmTc
*

and

d km =
0.5

∞

!

F ( jω ) =
50

100
150
200
250
Integration time (in chips)

300

" f (t )exp(− jωt )dt .

−∞

350

Figure 1: Simulation results.
ION 60th Annual Meeting/U.S. Air Force Institute of
Technology & The U.S. Air Force Research Laboratory,
Sensors Directorate, 7-9 June 2004, Dayton, OH

∞

668

(16)

Publication 7

158

Denoting the largest Fourier coefficient of g m (t ) with

Since the main focus of this work is on codes and not on
pulse shaping, it is assumed that the pulse waveform has a
flat frequency spectrum with a sharp cut-off at f = 1/2Tc:

π
%
,,Tc , ω ≤ T
c
F ( jω ) = $
π
, 0, ω >
Tc
#,

d km and the largest Fourier coefficient of g n (t ) with d ln ,
the worst-case cross-correlation magnitude of the two
signals can now be expressed using (5) as

(17)

Rm, n (t ) ≤ d km d ln * exp( j 2π ( f m − f n )) = d km d ln .

This is also the amplitude ratio of the maximum crosscorrelation component to the signal component in a
perfect tracking situation where the desired and disturbing
signals have equal power. This follows from the fact that
both signals are normalized so that R m (0) = R n (0 ) = 1.
A lower limit for the magnitude of R m, n (t ) is obtained

The spectrum amplitude chosen according to (17)
normalizes the pilot signal power to unity. While (17)
corresponds to a smooth function in the time domain, it
should be possible to make a similar calculation for any of
the rectangular waveforms proposed for satellite
navigation and to take bandwidth limitations into account
by constraining F ( jω ) appropriately. It may be noticed
that the time domain waveform corresponding to (17)
fulfils the orthonormality requirement (3).

when the spectrums of both signals are flat:
R m, n (t ) ≥

Substituting (13) and (14) into (5), it can be observed that
only product terms with identical frequency components
in (13) and (14) contribute to the cross-correlation
function. But there is at most one such product term,
which can be established as follows. Equating the
frequency of an arbitrary term in (13) with that of an
arbitrary term in (15) results in
k
l
+ fm =
+ fn ,
LmTc
LnTc

where k ≤

A simulation was performed to verify the theory with a
two-satellite system. The GPS C/A code was used as a
reference. The GPS C/A codes are Gold codes with a
length of 1023 for all satellites and the chip duration is
about 1 µs [2]. For simplicity, we assume that the input
signals to the receiver from the satellites have equal signal
power. We consider two different situations; one with
zero Doppler difference and another with a Doppler
difference of 1 kHz.

(19)

We configure a UCL-CDMA system with a basic code
length of 102 that is about one tenth of the C/A code
length. The chip rate is identical to the C/A code. The
code sequences are random selected balanced binary
codes. One satellite uses the code length of 102, while
another 101. The integration for the signal acquisition is
done over several consecutive code-cycle intervals.

(20)

where 0 ≤ r < Lm and 0 ≤ s < Ln .
Equation (20) can have at most one solution (r, s), for if
(t, u) were another solution, we would have
Lm (s − u ) = Ln (t − r ) ,

(21)

which is impossible since Lm and Ln do not have common
factors and since t − r < Lm and s − u < Ln .

ION 60th Annual Meeting/U.S. Air Force Institute of
Technology & The U.S. Air Force Research Laboratory,
Sensors Directorate, 7-9 June 2004, Dayton, OH

(23)

COMPARISON WITH GPS C/A CODE

yields
Ln r + Lm s = Lm Ln [1 + Tc ( f n − f m )] − (Lm + Ln ) 2

.

(18)

Lm − 1
L −1
and l ≤ n
due to (17).
2
2

Lm − 1
L −1
and s = −l + n
2
2

1
Lm Ln

Assuming that Lm = 1024 and Ln = 1027, two values close
to the GPS C/A epoch length, (23) gives a crosscorrelation distance of 60.2 dB. For a set of 40 computergenerated sequences with lengths in the range of 1024
1229, the authors obtained a worst-case cross-correlation
distance of 47.7 dB. The figure may be contrasted with
the worst-case cross-correlation distance of the GPS C/A
codes, which is 21.6 dB [2].

Substituting
r=k+

(22)
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Table 1: Two satellites with equal power.
System

Integration Co-channel interference
time
∆f = 0
∆f = 1 kHz

GPS C/A
≥ 1 ms
UCL-CDMA
1 ms
random
2 ms
selected binary
5 ms
codes (101: 102) 10 ms

-23.9 dB
-24.2 dB
-28.0 dB
-35.9 dB
-51.4 dB

-21.2 dB
-24.0 dB
-28.1 dB
-33.7 dB
-37.6 dB

The simulation results are shown in the table above. As
can be expected, the co-channel interference of the
GPSC/A code remains constant after 1 ms. For UCLCDMA, it drops rapidly when the integration time
increases especially when the integration time approaches
the frame length. In this example, the frame length is
about 10 ms.
Improvement is also achieved when the Doppler
frequency is present. It is remarkable that the better
performance is achieved with significantly shorter codes
and potentially simpler receiver structure.
CONCLUSION
An Unequal Code Length CDMA (UCL-CDMA) coding
technique was proposed for GNSS pilot channels. The
idea behind the technique is to use slightly different code
lengths in all channels. Analytic expressions for worstcase cross-correlation were derived for the cases of zero
and non-zero Doppler difference. Simulation results agree
with the theory.
The advantage of the method is the possibility to
significantly reduce co-channel interference without using
longer codes. The relative advantage is preserved also in
the case of a Doppler shift, which is important for the
GNSS application.
More work is needed to incorporate the different
waveforms proposed for GNSS signals into the analysis
and to design codes for data channels. The impact of
different code lengths on data frame structure should also
be investigated.
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Seppo Turunen
ABSTRACT
Unmodulated pilot signals are being proposed for future Galileo and GPS
services. With proper design, the signals will allow receivers to acquire and
track satellite transmissions in areas of heavy signal attenuation. One of the
challenges of pilot signal design is to control cross-correlation that can lead
to false acquisition especially if weak and strong satellite signals are
concurrent. The usual approach to reducing cross-correlation is to use longer
codes but this has the disadvantage of significantly increasing the demand
for processing resources and memory space in the receiver.
It was shown in an earlier paper that low cross-correlation can be achieved
with a set of short codes if all of them are of slightly different length. The
concept, Unequal Code Length Code Division Multiple Access (UCLCDMA), was verified with computer-generated random codes. In this paper
a method of generating such codes using truncated shift-register sequences is
presented. A set of 40 codes with lengths in the range of 1024-1229 is
designed and shown to have a cross-correlation distance of 47 dB at worstcase Doppler difference, which exceeds the 21 dB reported for the GPS C/A
codes and the 45 dB reported for the much longer GPS L2C pilot codes.
KEYWORDS: Pilot code, cross-correlation, code design, code generation,

Galileo

1. INTRODUCTION
The planned GPS L2C and L5 services and the Galileo L1 and E5 open services will provide
unmodulated pilot signals to allow receivers to perform coherent integration across data bit
boundaries. The main advantages in comparison with the GPS C/A service will be a better
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tracking stability and a potentially higher acquisition sensitivity. The GPS L2C pilot code has
767,250 elements that are time multiplexed with data on a chip by chip basis (Fontana et al.,
2001). The Galileo L1 signal specification has not been finalized but a 204,600 long code has
been proposed consisting of a primary code of 8184 elements and a secondary code of 25
elements (Mattos 2004).
Some of the properties of good pilot codes are low cross-correlation, robustness to narrowband interference, simple generation, and ease of acquisition. Depending on the transmission
chain the codes may have to be balanced. It is also desirable that the pilot signals support bit
synchronization by having a predictable timing relationship with data bit transitions.
New applications such as indoor positioning of mobile phones require reliable acquisition of
signals that are 20 dB or more below their nominal level, which leads to a longer integration
time and an increased computational load in receivers. In order to keep the load within
reasonable limits it is desirable to limit the size of signal search space by using relatively short
codes. Short codes also have inherently better acquisition characteristics than long codes since
their probability of false acquisition is lower.
The GPS C/A codes have a cross-correlation distance of 21.1 dB at worst-case Doppler
difference (Ward 1996). While the distance is sufficient in nominal conditions, it is not long
enough to protect high sensitivity receivers from false acquisition in a situation where both
weak and strong satellite signals are present. To provide enough margin against noise
fluctuations for receivers operating under such conditions a cross-correlation distance of
40 dB or more would be desirable. Fontana et al. (2001) report a cross-correlation distance of
45 dB for the GPS L2C pilot codes but do not clearly state their assumptions about Doppler
difference.
The usual way to reduce cross-correlation is to use longer codes. Unfortunately, this approach
is not very effective (Zhengdi and Turunen 2004a) and can lead to a code length increase of
several orders of magnitude. The planned GPS L2C and Galileo pilot codes are examples of
code design where acquisition requirements have been compromised in favour of crosscorrelation performance. The longer codes in combination with a 20 dB sensitivity
improvement could increase receiver complexity by five orders of magnitude (Mattos 2004).
Civil receivers are not normally subjected to high levels of narrow-band interference since it
is not allowed to operate other radio transmitters in GNSS bands. It is therefore not always
clear how much in-band interference a GNSS system should tolerate. If the interference is a
problem, longer codes could be used since the power of their spectral components is lower
and the distortion caused by the interferer therefore likely to be less severe. However, this
approach is only useful as long as the separation of the spectral components is wider than the
bandwidths of the interfering signal and the receiver tracking loops. A disadvantage of longer
codes is that the probability of spectral overlap with a narrow-band interferer is higher due to
narrower separation of spectral components.
A technique for avoiding long pilot codes, Unequal Code Length Code Division Multiple
Access (UCL-CDMA), was recently proposed by Zhengdi and Turunen (2004a). It was
shown that good cross-correlation performance can be achieved with codes only a few
hundred elements long if their lengths differ from each other. To maximally suppress crosscorrelation, the code lengths should be pairwise relatively prime numbers. The good crosscorrelation performance is preserved at all Doppler differences, which is in sharp contrast
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with single-length codes such as the Gold codes of the GPS C/A signal. Particularly low
cross-correlation can be achieved at zero Doppler difference if balanced codes are used.
A theoretical lower limit for UCL-CDMA cross-correlation was derived by Zhengdi and
Turunen (2004b), but no practical method was suggested for code design. It was shown,
however, that optimal codes have their signal power evenly distributed among spectral
components. It is proposed in this contribution to use a long linear shift register sequence as a
starting point for code set design and to do a computer search to identify those partial
sequences that best satisfy the requirement for spectral power distribution.
The rest of this paper is organized as follows. In section 2 a signal model is presented. In
section 3 cross-correlation results concerning UCL-CDMA are reviewed. In section 4, the
code set design method is introduced, and in section 5, a design example is given for a set of
40 codes. In section 6, a conceptual proposal is made for data channel coding. Section 7
concludes the paper.

2. SIGNAL MODEL
Denote one code epoch of pilot signal n by

sn t ! !

Ln 1

" cin f n t

iTc ! ,

(1)

i !0

where Tc is chip length, cin is a sequence of code elements belonging to the alphabet {-1,1},

Ln is the length of the sequence cin and f n is a baseband pulse waveform. It is assumed that
the code lengths Ln are relatively prime odd numbers. The full pilot signal at the receiver can
be expressed as
#

g n t ! % exp j 2 f n t ! " s n t $ t n $ kLnTc ! ,

(2)

k % $#

where fn is a Doppler shift and tn is a channel-specific time delay. It is assumed that the
effects of code Doppler can be ignored and that the pulse waveforms fulfil the orthonormality
requirement
$

#f

t " mTc ! f * t " nTc ! dt ! % n m ! Tc .

(3)

$

The complex Fourier series representation of the signal can be written as
#
+
k t $ tn ! (
&
g n t ! % exp j 2 f n t ! " d kn exp)) j 2
LnTc &'
k % $#
*

with coefficients given by

(4)
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(
k %
## L !1
F && j 2
n
L
(
kl %
n Tc $
'
n
## .
dk "
cln exp&& ! j 2
LnTc
L
n $
l "0
'

(5).

F j" ! denotes the Fourier transform of the chip waveform f(t):
#

F j

! % " f t ! exp $ j t !dt

.

(6)

$#

It is finally assumed that the chip waveform has a flat frequency spectrum with a sharp cut-off
at f = 1/2Tc:
%
""Tc , ! ' T
c
F j! ! ( $
" 0, ! &
"#
Tc

(7)

Assumption (7) leads to a particularly simple expression for cross-correlation. It also follows
from (7) that the signal has unity power and that the time-domain pulse waveform f(t) fulfils
the orthonormality requirement (3).
The definition used for the continuous time cross-correlation function is
T 2

1
g m u !g n* u & t ! du .
T %$ T "
#T 2

Rm,n t ! ' lim

(8).

3. CROSS-CORRELATION IN THE PRESENCE OF DOPPLER SHIFT
The cross-correlation between two UCL-CDMA coded pilot signals was analysed by Zhengdi
and Turunen (2004b) in the case where the signals comply with the definitions of section 2
above. The analysis was based on the observation that two pilot signals have at most one pair
of overlapping frequency components independent of Doppler difference. As a consequence,
the maximum cross-correlation magnitude can be obtained as the absolute value of the
product of the largest Fourier components of the signals:
max Rm,n t !

max d km d ln .

(9)

k ,l

In a tracking situation, (9) can be interpreted as the amplitude ratio of cross-correlation
components and signal components after code wipe-off in a situation where the powers of the
desired and disturbing satellite signals are equal. A lower limit is obtained by assuming that
both signals have a flat spectrum:

R m,n t !

1

Lm Ln

.

(10)
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4. PROPOSED CODES
In order to minimize cross-correlation the following strategy is proposed for designing a set of
N pilot codes. First, N pairwise relatively prime numbers, ni, i=1…n, are chosen. The numbers
should represent a feasible range of code lengths satisfying, e.g., some specific requirements
for spectral smoothness. Secondly, a maximum length linear shift register sequence of
sizeable length is generated. Finally, a set of N shorter sequences of length ni is formed by
splitting the shift register sequence into non-overlapping parts that are chosen so as to
minimize the spectral maximum of the whole set. It may further be required that the
sequences are balanced. At present, the only suitable minimization procedure known to the
authors is an exhaustive computer search.
According to equation (9), the worst-case cross-correlation reaches its minimum when the
product of the two strongest frequency components is minimized. Although the proposed
strategy does not directly minimize the product, it can be expected to give good results when
the shift register sequence is long so that the individual codes can be chosen from a large
number of alternatives. The fact that the spectral maximum of the resulting set of codes is
minimized has the additional advantage of providing protection against narrow band
interference.

5. DESIGN EXAMPLE
A set of 40 balanced codes was generated using the code generator of Figure 1. The generator
is based on the primitive polynomial x24+x7+x2+x1+x0 (Peterson and Weldon 1972) and has a
cycle length of 224-1. It was required that the codes be longer than the GPS C/A codes to have
at least the same level of spectral smoothness. It was further required that the shortest and
longest code length should differ as little as possible. A computer search for pairwise prime
numbers resulted in 40 integers ranging from 1024 to 1229. The integers and their prime
factors are shown in the second and third columns of Table 1.

u24

u8

u7

u6

u5

u4

u3

u2

u1

XOR

Figure 1. Code generator
Using the 40 integers as code lengths, a code search was performed with a Matlab program
written to minimize the spectral criterion of section 4 above. It was required that the codes be
balanced. The procedure was to cyclically decrement a temporary upper limit for spectral
component power and to use a sequential search to check during each cycle if 40 codes that
do not exceed the limit can be found. To simplify the procedure, the search was only done in
ascending order of code length. The fourth column of Table 1 shows the starting point indexes
of the codes obtained in relation to the full code generator sequence. The generator was
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initialized to all 1s and index 1 was assigned to the value of register u1 in the initial state of
the generator. The power of the strongest spectral component as obtained from (5) and (7) and
the mean power of all spectral components are shown for each code in the fifth and sixth
columns of the table.
The average distribution of the circular autocorrelation function values of the codes is given
in Table 2. For comparison, the distribution is also given for the GPS SV1 C/A code.

CODE
NUMBER
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
GPS C/A

LENGTH

FACTORS

1024
1027
1031
1033
1039
1041
1043
1049
1051
1055
1061
1063
1067
1069
1081
1087
1091
1093
1097
1103
1109
1117
1121
1123
1129
1139
1147
1151
1153
1163
1171
1181
1187
1189
1193
1201
1213
1217
1223
1229
1023

2^10
13*79
1031
1033
1039
3*347
7*149
1049
1051
5*211
1061
1063
11*97
1069
23*47
1087
1091
1093
1097
1103
1109
1117
19*59
1123
1129
17*67
31*37
1151
1153
1163
1171
1181
1187
29*41
1193
1201
1213
1217
1223
1229
3*11*31

STARTING
POINT
676167
1033171
1291816
1588787
3058396
4344606
4394065
4811410
4850102
5065441
5373691
5476947
5645593
5645594
5862857
6276054
6414333
6460906
6483964
6484020
6542651
6564729
6566385
6775507
6775612
6839363
6882127
6890902
6996831
7009574
7075322
7075418
7075432
7075453
7075454
7087988
7097313
7102659
7102770
7121862

SPECTRAL
MAX. [dB]
-24.02
-23.88
-23.85
-23.87
-24.06
-23.87
-23.88
-23.85
-23.94
-23.98
-23.85
-23.97
-23.87
-24.05
-23.94
-23.94
-23.86
-24.08
-23.93
-23.87
-23.95
-23.95
-24.05
-23.85
-23.89
-23.94
-23.95
-23.92
-23.96
-23.89
-23.87
-24.08
-23.96
-23.87
-24.24
-24.00
-23.86
-23.88
-24.09
-24.07
-20.6

SPECTRAL
AVE. [dB]
-30.10
-30.12
-30.13
-30.14
-30.17
-30.17
-30.18
-30.21
-30.22
-30.23
-30.26
-30.27
-30.28
-30.29
-30.34
-30.36
-30.38
-30.39
-30.40
-30.43
-30.45
-30.48
-30.50
-30.50
-30.53
-30.57
-30.60
-30.61
-30.62
-30.66
-30.69
-30.72
-30.74
-30.75
-30.77
-30.80
-30.84
-30.85
-30.87
-30.90
-30.10

Table 1. Code parameters

Example
GPS C/A

0-19
544
764

20-39
354
0

40-59
160
0

60-79
47
258

80-99
7
0

100-119
1
0

Table 2. Distribution of autocorrelation values

>119
1
1
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According to (9), the worst-case cross-correlation magnitude of a set of codes is the product
of the two strongest frequency components belonging to two different codes. In Table 1, the
value of the strongest component is -23.85 dB and it is present in four codes (codes 3, 8, 11
and 24). The worst-case cross-correlation distance of the code set is therefore 47.7 dB, a value
more than twice as high as that of the GPS C/A codes and higher than that of the GPS L2C
pilot codes. A theoretical lower limit according to (10) is 60.2 dB, as can easily be checked by
adding the two largest values of the rightmost column of Table 1.

6. PROPOSAL FOR DATA CHANNEL CODING
One of the proposed data symbol rates of Galileo is 250 bits/s. It can be approximately
achieved by using the pilot codes of the example above and by using data codes that are four
times as long as the corresponding pilot codes. One data code epoch would then correspond to
one bit period. The resulting synchronism between the pilot and data codes would allow bit
boundaries to be detected with a maximum of four trials after pilot signal acquisition. It is
likely that cross-correlation between the data signal and any of the remote satellite signals
would remain low due to differences in code length, although a more thorough analysis would
be needed to account for bit modulation effects. Choosing a data code with a sufficient crosscorrelation distance from the local pilot code would not seem a difficult problem since the
distance requirement is not particularly high and since the data code is fairly long.

7. CONCLUSION
A method for planning and generating sets of GNSS pilot signal codes based on Unequal
Code Length CDMA (UCL-CDMA) was presented. The method is based on splitting a
maximal length shift register sequence into parts that minimize a spectral norm. The
minimization is performed by an exhaustive computer search. The coding of related data
signals was also briefly discussed.
A set of 40 codes with lengths in the range of 1024-1229 was designed and shown to achieve
a cross-correlation distance of 47.7 dB at worst-case Doppler difference, a value more than
twice as high as that of the GPS C/A codes and higher than that of the GPS L2C pilot codes.
More research is needed to understand the effect of different pulse waveforms and data
modulation on UCL-CDMA signals. The system level impact of unequal code lengths on
data frame structure also requires investigation.
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A robust time-labeling mechanism for
GNSS data frames
Seppo Turunen Nokia Corporation, Tampere, Finland

ABSTRACT
In this contribution a time-labeling mechanism is
proposed that allows a high sensitivity receiver to
extract absolute time directly from a GNSS satellite
data signal that is not strong enough for bit detection.
Carrier, bit, and word synchronisation are assumed
to be available from a pilot signal or by some other
independent means. The time is then determined
using a correlation process from a bit pattern
embedded in the data signal. The pattern is
constructed so that it can be decoded rapidly when
the satellite signal strength is nominal while more
time is needed when the signal is weak.
The proposed mechanism makes receiver operation
possible in a situation where satellite orbit
parameters are provided by an external source but
absolute time is not available with sufficient
resolution to identify the individual words and frames
in a satellite transmission. This is a frequent condition
in assisted GPS operation when an asynchronous
cellular network, such as a GSM or a WCDMA
network, transmits satellite ephemeris information but
does not provide accurate time.
KEYWORDS: Synchronisation,
design, Time of week, Galileo

Timing,

Signal

INTRODUCTION
Weak signal operation is required of GNSS receivers
designed for use in mobile telephony. All major
cellular telephone standards specify reception of
GPS signals that are attenuated by 15 decibels or
more by buildings or other obstacles. From such
heavily attenuated signals, it is possible to extract
only code phase and Doppler frequency information
while all other signal components lie below detection
thresholds and are useless or even harmful to
receiver operation.
A terrestrial data channel is needed in weak signal
GNSS operation to provide orbit parameters and
preferably also approximate initial position and

satellite system time to the receiver. The concept is
called Assisted GPS, or AGPS, and the terrestrial
channel most often used is a cellular telephone
network. The slowly changing orbit parameters can
be easily transmitted in current cellular networks,
using either network internal or end-user accessible
transmission channels. However, the transmission of
time is more problematic since many networks are
neither internally synchronised nor tied to the GPS
reference time.
If a GNSS system could transfer absolute time
autonomously in both nominal and weak signal
conditions, it would serve better the growing number
of wireless terminals being operated in urban and
indoor areas. The dependency of the GNSS receiver
on a terrestrial signal channel would be reduced to
infrequent orbit parameter updates at intervals of a
few hours. In cases where weak signal operation is
required only temporarily, the need for a terrestrial
channel could be totally obviated.
The GPS C/A signal is not suited for the transfer of
absolute time in a weak signal environment. The
subframes are numbered with 17-bit time-of-week
words that are transmitted as ordinary data at 6-s
intervals. The information does not tolerate bit errors
so that it can only be used if satellite signal strength
exceeds the threshold of data bit detection. Even
when the signal strength is adequate, the added
latency from the 6-s transmission interval is
problematic for applications such as emergency call
positioning.
The planned GPS L2C and L5 services and the
Galileo L1 and E5 open services provide data-free
pilot signals that allow receivers to use narrow
bandwidth carrier tracking loops capable of operating
at low signal levels. The stable phase reference thus
obtained can be used to enable coherent processing
of the data modulated part of the satellite
transmission. If a known bit sequence is present in
the data modulation, the coherence can be used to
reliably detect the timing of the sequence by
correlating it with a local replica sequence and
integrating the result until a signal-to-noise ratio
sufficient for the detection is achieved.
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In addition to providing a carrier phase reference, the
new pilot signals provide code and data bit timing. If
a very long code is used, a pilot signal can also
provide word and frame synchronisation. As another
alternative to word and frame synchronisation, one
could use frame structures with delimiters that are
uniquely distinguishable from data [1, 2]. Such
structures in combination with the stable phase
reference obtained from the pilot signal would allow
the receiver to detect word and frame boundaries
even when individual data bits are not detectable.
A number of so-called rapid acquisition sequences
have been proposed for the synchronisation of noisy
signals. Such sequences are typically based on
component sequences that are much shorter than
the full sequence. Titsworth [3] suggests combining
pseudorandom sequences with relatively prime
periods T1, T2, .. Tm using majority logic to obtain a
composite sequence that has a period of lcm(T1, T2,
… Tm). By correlating the composite sequence with
the local replicas of the component sequences a
receiver can determine the phases of the component
sequences. The phase of the composite sequence is
then obtained algebraically. Stiffler [4] proposes
using the output bits of a binary ring counter instead
of pseudorandom sequences. Bluestein [5] suggests
using pseudorandom sequences but, unlike
Titsworth, interleaving them rather than combining
them.

DESIGN EXAMPLE
Consider a pilot-assisted GNSS data channel with a
bit rate of 250 bits/s and a data word length of 15 bits
and assume that a Bluestein type of rapid acquisition
sequence with three component sequences, c1(i),
c2(i) and c3(i), is applied as shown in Figure 1. Let the
sequence c1(i) be a pseudorandom sequence of
cycle length 127, initialised to a known phase at the
beginning of the clock cycle of the satellite system.
Similarly, let c2(i) and c3(i) be pseudorandom
sequences of cycle lengths 255 and 511. It may be
observed that the fraction of transmission power
allocated to the three sequences is 10% if power is
equally divided between the pilot and data signals.
bit 1

bit 15

c1(1) c2(1) c3(1) xxxxxxxxx

bit 1

bit 15

c1(2) c2(2) c3(2) xxxxxxxxx

Satellite word

c2(1) c2(2) ………….. c2(v2)

…
…

c3(1) c3(2) …….………….. c3(v3)

…c

c1(1) c1(2)….. c1(v1)

c1(1) c1(2)….. c1(v1)
c2(1) c2(2) ………….. c2(v2)
3(1) c3(2)……….………….. c3(v3)

One cycle of pseudorandom sequence

In this study, the applicability of a Bluestein type of
rapid acquisition sequence for GNSS time transfer is
analysed. The idea here is to embed the sequence
into the data words of the satellite signal as constant
length bit fields. The data words are also assumed to
be of constant length. The analysis follows the
general pattern outlined by Bluestein but includes
modifications to accommodate two differences in
problem setting. The first difference is that Bluestein
assumes a separate channel for time information
while it is assumed here that the time information and
payload data are transmitted in the same channel.
The second difference is that in the Bluestein
analysis the component pseudorandom sequences
are detected one at a time while it is assumed here
that they are detected simultaneously.
In the next section, an ad-hoc design example is
given with an error analysis. The bit rate for the
example is chosen with the Galileo L1 open service
in mind. The analysis is then generalised and
expressions are derived for the relationships between
failure rate, system clock period, clock detection time,
transmission power allocation, and sequence
lengths. The relationships are illustrated with
diagrams and the results are referred back to the adhoc example. Finally, a conclusion is given.

One cycle of composite sequence

Figure 1. Design example.
The cycle lengths of the component sequences are
relatively prime numbers so that the cycle length of
the composite sequence [c1(i), c2(i), c3(i)] is,
according to the Chinese remainder theorem [6], the
product of the lengths of the component sequences,
or 16,548,735. The cycle time of the composite
sequence when embedded in the data stream is 11.5
days.
If the satellite signal is strong enough for reliable
detection of data bits, it is sufficient to collect nine
consecutive data words to determine the phases of
the sequences c1(i), c2(i) and c3(i). This follows from
the fact that the phase of a pseudorandom sequence
generated by an n-bit shift register is fully determined
as soon as n consecutive bits are known. An n-bit
shift register creates a sequence of 2^n-1 bits so that
the largest value of n is nine, corresponding to the
sequence c3(i). As a result, the phase of the
composite sequence can be determined as soon as
signal reception has continued for 0.54 s.
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The probability of false detection can be
approximated with reasonable accuracy by summing
the false detection probabilities of the component
sequences c1(i), c2(i), c3(i), provided that the latter
probabilities are low. Under the same assumption, it
is further possible to apply the union-bound
approximation [5] to the false detection probabilities
of the component sequences, which involves
summing the probabilities of all possible false
outcomes. Due to the nearly perfect orthogonality of
pseudorandom sequences, each false outcome is
equally probable so that the sum can be obtained by
multiplying the probability of a single false outcome
by the total number of different false outcomes. This
number is equal to the sequence length less one. By
using the exact sequence length for simplicity of
expression, the approximate probability of failure can
be written as
n

Pe # !
i #1

vi
2

"

0.16
0.14
0.12
0.1

Pe

If the satellite signal is so weak that bits cannot be
detected, several bit samples have to be collected to
determine the phase of a component sequence
reliably. In order to avoid self-noise effects when
correlating the sequence with a local replica, it makes
sense to always process an integer number of
complete cycles of the sequence. It follows that the
minimum reception time, determined by one
complete cycle of the sequence c3(i), is 30.7 s.
During this time, it is possible to collect two cycles of
the sequence c2(i) and four cycles of the sequence
c1(i) so that the signal reception time for all three
sequences falls between 30.4 and 30.7 s.

0.08
0.06
0.04
0.02
0
-16

-15.5

-15

-14.5

-14

-13.5

-13

Eb/No [dB]

Figure 2. Probability of timing failure as a function of
normalised bit energy.
THEORETICAL LIMITS
Let the length of the satellite system clock cycle be p
bit periods and the maximum allowed clock detection
time be q bit periods. To decide what the number n of
component sequences ci should be, what the lengths
vi of the sequences should be, and what fraction h of
transmitted data bits should be allocated to time
transfer to achieve a given probability of failure Pe, it
is first assumed that vi are not very different and can
be approximated with a single variable v. Assuming
further that the same number A of cycles of each
component sequence is received, the error
probability (1) can be written as

2

e x 2 dx

,

(1)

Eb
Ai v i
N0

where vi is the length of sequence ci(j), Ai is the
number of cycles of sequence ci(j) that are received,
Eb is bit energy and N0 is the double-sided thermal
noise density.
Figure 2 shows the probability of failure Pe as a
function of Eb/N0. It may be noted that Pe is below 5%
for an Eb/N0 of -15.4 dB or higher, which corresponds
to a signal level of 8.6 dB-Hz or higher. This
performance is likely to be sufficient for any weak
signal situation where signal tracking, in general, is
possible.

nv
2

Pe #

"

!e

x2 2

dx

.

(2)

Eb
Av
N0

As was discussed in the design example above, the
number of elements in the composite timing
sequence is the product of the lengths vj of the
individual sequences cj(i). Each element is of the
form [c1(i), c2(i), …, cn(i)] and thus reserves n bits in
each data word. Dividing n by h gives the data word
length which, when multiplied by the length of the
composite sequence, gives the length of the longest
possible satellite system clock cycle in bits. Setting
this equal to or greater than p results in

p"

n
h

n

vj !
j !1

nv n
.
h

(3)

Assuming that the n synchronisation sequences are
processed simultaneously, the number of words
required for time detection is A times v. Since the
maximum time allowed for the reception of the words
is q bit periods,
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n = 2, 3, 4, 5, 6 (left to right)

Avn
.
h

q

0.1

(4)

0.08

Using (3) and (4) interpreted as equalities the
probability of failure (2) can be expressed as

( ph %
Pe ) & #
' n $

n
2

Pe

0.06
1
n

"

!e

x2 2

dx .

0.04

(5)

E b qh
N0 n

0.02

This equation can be solved for h with n as a
parameter when Eb, p, q and Pe are given. The value
so obtained can then be substituted in (3) and (4) to
obtain

% hp "
v&#
$ n !

1
n

(6)

0
0

0.05

0.1

0.15

h

Figure 3. Probability of failure Pe as a function of h for
n = 2 to 6, Eb/S0 = -10 dB, p = 151,200,000, and q =
7,500.
n = 2, 3, 4, 5, 6 (left to right)
500

and
1

1
n

400
1
n

qp .

(7)

300

v

&h#
A'$ !
%n"

It can be seen from (5) that Pe is a growing function
of n, suggesting that n should not be unnecessarily
large. On the other hand, n is limited from below by
(7) and by the requirement that A should have a
positive integer value. Thus, for example, n = 1 is not
acceptable since it would lead to A = q/p<<1.
If the satellite signal is strong enough for bit errors to
be ignored, log2(v) synchronisation bits are sufficient
to detect all code phases. The total number of bits to
receive in this case is

r

n
log 2 v .
h

200

100

0
0

0.1

0.15

h

Figure 4. Sequence length v as a function of h for
n=2..6, Eb/S0 = -10 dB, p = 151,200,000, and q =
7,500.
n = 6, 5, 4, 3, 2 (left to right)

(8)

5

4

NUMERICAL RESULTS

3

A

Figure 3 shows Pe as a function of h according to (5)
for several values of n when Eb/S0 = -10 dB,
p = 151,200,000, and q = 7,500. At a data rate of
250 bits/s, these values correspond to a 7-day
system clock period, a 30-s maximum clock
detection time, and a signal level of 14 dB-Hz.
Figures 4 and 5 show v and A as functions of h for
several values of n as calculated from (6) and (7).

0.05

2

1

0
0

0.05

0.1

0.15

h

Figure 5. Sequence repetition count A as a function
of h for n=2..6, Eb/S0 = -10 dB, p = 151,200,000, and
q = 7,500.
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Figure 3 shows that it is possible to meet an error
probability requirement of 5% by choosing n = 3 and
h = 0.054, i.e. by using three component sequences
and by reserving 5.4% of data bits for the sequences.
According to Figures 4 and 5, the corresponding
value for the average length of the component
sequences is 140 and the number of complete cycles
to be received is 1. According to (8) the strong signal
clock detection time is 396 bits, or 1.58 s.
In the design example given earlier, the same
detection time was achieved with a 5.4 dB lower
Eb/S0 ratio. This is obviously due to the fact that the
signal power allocation was 5.6 dB higher. The
sequence lengths in the example were of the same
order of magnitude as obtained here, although an
accurate comparison is not possible since the code
lengths in the design example are widely spread and
thus only very approximately represented by a single
variable.
CONCLUSION
A time-transfer mechanism was proposed for GNSS
data channels that makes it possible for a receiver to
retrieve absolute time when the satellite signal is so
heavily attenuated that data bits cannot be detected.
The proposed mechanism is based on interleaving of
a set of short pseudorandom sequences.
Analytic expressions were derived for relationships
between probability of failure, Eb/N0 ratio, satellite
system clock cycle, lengths of the pseudorandom
sequences, and the time needed to retrieve absolute
time from a satellite signal. A numerical evaluation of
the expressions for a 250 bits/s channel indicated
that time transfer should be possible at a signal level
of 14 dB-Hz if 5.4% of channel capacity is reserved
for the proposed mechanism.
The proposed mechanism could be used to extend
the coverage of pilot-assisted GNSS signals into
indoor spaces and other areas where satellite signals

are heavily attenuated. Continuous operation in such
areas could be achieved by using a terrestrial radio
channel, such as a mobile telephone network, to
provide orbit parameter updates.
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Corrections
• p. xvii, line 2: ”Ordered” should be ”Observed”
• p. 15, line 7: ”[79,99]” should be ”[80,99]”
• p. 30, line 9: ”ordered” should be ”observed”
• p. 54, line 9: ”Gold codes” should be ”m-sequences”
• p. 60, line 27: ”L5 signals [50]” should be ”L2 signals [65]”
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